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abstract
In this thesis, the electrostatic interaction between two chemically
identical colloids, both carrying constant surface potential is studied in
the limit of short inter-particle separation at the interface of two immis-
cible fluids. Using an appropriate model system, the problem is solved
analytically within the framework of linearized Poisson-Boltzmann the-
ory and classical density functional theory. The governing equation
of the electrostatic problem is derived by minimization of the corre-
sponding density functional, which leads to the Debye-Hückel equation.
Subsequently, the Debye-Hückel equation is solved by exact calculations
as well as by applying the widely used superposition approximation,
each providing expressions for the electrostatic potential distribution
inside the system. Furthermore, the obtained results of the electrostatic
problem are used to calculate surface and line interaction energy den-
sities between the colloidal particles. In all cases, the superposition
approximation fails to predict the interaction energies correctly for both
small and large separations. Additionally, analytic expressions for the
surface tensions, line tension, and interfacial tension, which are all inde-
pendent of the inter-particle separation, are obtained. The results of this
thesis are expected to enrich the description of electrostatic interaction
between colloids at fluid interfaces.
iii

zusammenfassung
Die vorliegende Arbeit befasst sich mit der elektrostatischen Wech-
selwirkung zweier identischer Kolloide, die in einer Grenzfläche zwi-
schen zwei nicht mischbaren Fluiden energetisch gefangen sind. Die
Kolloide werden mit konstantem elektrostatischem Potential auf ih-
rer Oberfläche modelliert und haben einen kleinen inter-partikulären
Abstand zueinander. Das Problem wird mit Hilfe eines geeigneten Mo-
dellsystems im Rahmen der linearisierten Poisson-Boltzmann Theorie,
sowohl der klassischen Dichtefunktionaltheorie analytisch gelöst. Die
Debye-Hückel Gleichung des elektrostatischen Potentials innerhalb des
Systems wird durch die Minimierung des systemspezifischen Dichte-
funktionals hergeleitet und anschließend, unter Anwendung exakter Be-
rechnung sowohl als auch der weitverbreiteten Superpositionnäherung,
gelöst. Die somit gewonnene Beschreibung des elektrostatischen Potenti-
als innerhalb des betrachteten Systems wird verwendet um Oberflächen-
und Linienwechselwirkungsenergiedichten zwischen den Kolloiden zu
bestimmen. Als Resultat wird dabei festgehalten, dass die Superposi-
tionnährung sowohl für kleine, als auch für große Teilchenabstände
das Wechselwirkungsverhalten nicht korrekt vorhersagt. Zusätzlich
werden analytische Ausdrücke für die Oberflächen-, Linien- und Grenz-
flächenspannung hergeleitet. Die Ergebnisse dieser Arbeit sollen dazu
beitragen die Modellierung von Kolloiden an Flüssigkeitsgrenzflächen
zu verbessern.
v
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chapter 1
I N T R O D U C T I O N
The first chapter provides a brief overview of the theoretical background
required for the present work. Section 1.1 introduces colloidal particles,
their behavior in systems featuring fluid interfaces and presents the problem
which serves as the motivation for this thesis. Section 1.2 provides an
introduction to the formalism of classical density functional theory, commonly
used mathematical conventions are presented in Section 1.3 and the overall
structure of this thesis is given in Section 1.4.
1 .1 theoretical background and motivation
1 .1 .1 Colloidal particles
Colloidal particles are usually sized in the range of approximately 10 to
1000 nm and are an integral part of systems featuring dispersion of micro-
scopic matter in a liquid or gas. Suspensions of such particles are surface-
active, meaning they are able to spontaneously self-assemble at the interface
of two immiscible fluids. Although the surface activity might have its origin
in the amphiphilic nature of the particle, it is not necessary for the spon-
taneous accumulation at the interface. In general, colloidal particles have
either homogeneous, heterogeneous or amphiphilic chemical composition
and properties on their surface [1]. In this thesis, suspensions of colloidal
particles are considered to be characterized by their homogeneous chemical
composition and spherical shape.
1 .1 .2 Colloidal particles at fluid interfaces
Systems featuring a fluid interface between two immiscible fluids, such as oil
and water, try to reduce their free energy by minimizing the interfacial area
since fluid interfaces are generally energetically expensive and characterized
by high interfacial tension. Colloidal particles suspended in either fluid can
therefore spontaneously accumulate at the fluid interface, if the reduction
in free energy exceeds the thermal energy and thus form a two-dimensional
monolayer [2].
When dealing with colloidal particles at a fluid interface, the three-phase
contact angle θ (formed between the tangents to the particle surface and
1
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Figure 1.1: A spherical particle trapped at an oil-water interface at x = 0. The contact
angle is given by θ and the three-phase contact line with radius rc is depressed with
xc. Adapted from [1].
fluid-fluid interface at the three-phase contact line as seen in Fig. 1.1) is a
characteristic key parameter. Standardly, the contact angle θ is measured
inside the more polar fluid phase. Within this thesis the particles are assumed
to be equally wetted, resulting in a contact angle of 90◦. The structure and
stability of colloidal monolayer systems have been heavily studied during
the last two decades and serve as theoretical models to study phase behavior,
structure and, dynamics of condensed matter, as well as the stabilisation
of emulsions and foams [3, 4]. Furthermore, self-assembled monolayers
of colloids find application in a vast number of different fields including
purification of water and oil recovery, pharmacy, bio-medicine, food and, the
cosmetics industry [1, 5, 6].
The movement of colloidal particles trapped at the fluid interface is
restricted to lateral directions and depends on particle-particle interaction.
Generally speaking, this interaction consists of van der Waals, steric, capillary,
magnetic or electrostatic contributions. Within this thesis, the focus lies on
the electrostatic interaction between metal colloids or non-metallic colloids
with a metal coating.
1 .1 .3 Electrostatic interaction of charged colloids
In 1980 Pieranski [7] has shown that the electrostatic interaction between
charged colloidal particles, which are trapped at a fluid interface, is described
by a long-range dipole-dipole interaction in a system featuring a low concen-
tration of charged colloids. The electric dipole, which is perpendicular to the
fluid-fluid interface, stems from an asymmetric charge distribution around
the colloid. Subsequently assuming point-like particles, Hurd was able to
study the exponential and power-law contributions for such system within
linearized Poisson-Boltzmann theory [8]. In the last two decades, the work
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of Pieranski and Hurd has been extended in numerous directions [9, 10],
however, the vast majority of studies exclusively discuss the case of large
inter-particle separation. Within this limit, the linear superposition approxi-
mation is commonly used, in which the electrostatic potential between two
colloids is approximated by superposing the electrostatic potential of a single
colloidal particle.
Meanwhile, in systems with high colloid number densities or during pro-
cesses like aggregation the separation between colloidal particles decreases
significantly [11, 12]. As presented in Ref. [13], the electrostatic interaction
between two identically charged colloids is analytically solvable within linear
Poisson-Boltzmann theory by neglecting the particle curvature and treating
them as flat walls. This simplification is in the spirit of the Derjaguin approx-
imation and can be justified since the colloids are in their immediate vicinity.
As it turns out, the superposition approximation fails to predict the correct
behavior for this model system, even by taking the limit of large inter-particle
separation into account. Later on, the above-mentioned approach was gen-
eralized for systems featuring non-identical charged particles in Ref. [14] as
well.
1 .1 .4 Metallic colloids
The spontaneous formation of reflective monolayer films, consisting of metal-
lic colloidal particles at fluid interfaces, has interesting optical properties
and has been a topic in numerous studies. Such reflective monolayers find
application as liquid mirrors [15, 16, 17, 18, 19] or surface-enhanced Raman
scattering subtrates [20, 21]. Moreover, colloidal gold is also relevant in
the context of medical studies, where it is used to improve targeted drug
delivery [22]. Staying in the realm of medical studies, gold nanoparticles
also find application in cancer research, where they are used to improve the
detection of tumors by using the above-mentioned application in surface-
enhanced Raman spectroscopy [23]. Within all these monolayers of metallic
particles, the inter-particle separation can easily be very small compared to
their radii [11, 12]. However, an appropriate description of the electrostatic
interaction between metallic colloids situated close to each other is missing
so far.
The results of the above-mentioned studies for short inter-particle sep-
arations are suitable for non-metallic (e.g. polystyrene or silica) colloids,
which can be described by a constant charge density assumption at their
surfaces. Metallic colloids, on the contrary, are characterized by constant
surface potentials due to mobile electrons which form a different boundary
condition for the electrostatic problem. Therefore, the goal of this thesis is to
study the electrostatic interaction between a pair of metallic colloids situated
in close vicinity of each other at a fluid interface.
3
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1 .2 classical density functional theory
This section provides a brief introduction to the classical density functional
theory as presented in Ref. [24]. In the framework of statistical physics, the
equilibrium probability density p0 for N particles at temperature T, enclosed
in system volume V ⊆ Rd, is given by
p0 = Z−1 exp(−β(H− µN)), (1.1)
in a grand canonical ensemble, where β−1 = kBT is the thermal energy and
µ the chemical potential. The grand partition function Z reads
Z = Tr exp(−β(H− µN)), (1.2)
with the classical trace defined as
Tr := 1+
∞
∑
N=1
1
hdN N!
N
∏
i=1
(∫
V
ddri
∫
Rd
dd pi
)
. (1.3)
The position of a particle is denoted by r ∈ V , the momentum by p ∈ Rd and
the Planck constant h. The Hamiltonian H of this system reads
H = 1
2m
N
∑
i=1
p2i +
N
∑
i=1
V(ri) +
N
∑
i,j=1
i<j
U(ri, rj), (1.4)
where U(r, r′) is the interaction potential between the particles, V(r) is an ar-
bitrary external potential and m the particle mass. The Mermin functional [25]
is defined as
M[p] := Tr p[βH− βµN + ln p], (1.5)
and leads to the grand potential βΩ for the equilibrium probability density
p0 and probability densities with Tr p = 1
βM[p0] = βΩ = − ln Z. (1.6)
Note thatM[p] >M[p0] for p 6= p0. The single particle density observable
is defined as
$˜(1)(r) :=
N
∑
i=1
δ(r− ri), (1.7)
and therefore the single particle density reads
$(1)(r) := $(r) :=
〈
$˜(1)(r)
〉
= Tr
[
p$˜(1)(r)
]
. (1.8)
4
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In the same fashion the two particle density observable reads
$˜(2)(r, r′) :=
N
∑
i,j=1
i 6=j
δ(r− ri)δ(r′ − rj), (1.9)
and the two particle density is given by
$(2)(r, r′) :=
〈
$˜(2)(r, r′)
〉
= Tr
[
p$˜(2)(r, r′)
]
. (1.10)
Additionally, the pair distribution function is defined as
g(r, r′) :=
$˜(2)(r, r′)
$˜(1)(r)$˜(1)(r′)
. (1.11)
Suppose an arbitrary density function $(r) : V → R+, which fulfills the
relation
p|$ ≡ Tr [p$˜(r)] = $(r). (1.12)
The grand potential in equilibrium now reads
βΩ0 = minp M[p] = min$ minp
p|$
M[p]. (1.13)
Finally, the density functional can be defined as
βΩ[$] := min
p
p|$
M[p], (1.14)
which is minimized by the single particle density $(1)0 (r) in equilibrium
βΩ[$0] = βΩ0. (1.15)
The Euler-Lagrange equation
δβΩ[$]
δ$
= 0, (1.16)
is a necessary condition for the single particle density in equilibrium. As an
example, the density functional of the ideal gas (where U(r, r′) = 0) is given
by
βΩid[$] =
∫
V
ddr $(r)
[
ln $(r)Λd − 1− βµ+ βV(r)
]
, (1.17)
with the thermal de Broglie wavelength Λ :=
√
(2pih¯2β)/m. In general, the
exact density functional for interacting particles with U(r, r′) 6= 0 is unknown.
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In the present work the mean-field like random phase approximation (RPA)
(g(r, r′) = 1 ∀ r, r′ ∈ V) is appropriate, providing the density functional
βΩ[$] = βFex[$] + βΩid[$], (1.18)
with the excess functional defined as
βFex[$] :=
1
2
∫
V
ddr
∫
V
ddr′ βU(r, r′)$(r)$(r′). (1.19)
1 .3 mathematical conventions
. Fourier Sine Transformation The Fourier sine transform of a piece-wise
continuous function f (z), which is absolute integrable over the interval [0,∞),
is defined as
F{ f (z)} = fˆ (q) =
∞∫
0
dz f (z) sin(qz) q > 0. (1.20)
In similar fashion the inverse Fourier sine transformation reads
F−1
{
fˆ (q)
}
= f (z) =
2
pi
∞∫
0
dq fˆ (q) sin(qz) z ≥ 0. (1.21)
. Kronecker delta The Kronecker delta, as it appears in many areas of
mathematics and physics, is defined as
δα,β =
{
0 if α 6= β
1 if α = β.
(1.22)
. Heaviside step function The discontinuous Heaviside step function is de-
fined as
Θ := R→ {0, 1} x 7→
{
0 : x < 0
1 : x ≥ 0. (1.23)
1 .4 structure of the thesis
The thesis is organized in the following way:
. Chapter 2 The second chapter provides a mathematical description of
the model system. Furthermore, the density functional of said system is
derived and minimized, yielding the linearized Poisson-Boltzmann equation
(also known as Debye-Hückel equation). Additionally, an expression for the
effective interactions in terms of the electrostatic potential is presented.
6
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. Chapter 3 The third chapter solves the Debye-Hückel equation, both
within exact calculations and superposition approximation, to obtain the
electrostatic potential distribution inside the system.
. Chapter 4 In the fourth chapter, the results from Chapter 2 and Chapter 3
are used to obtain analytic expressions for the surface interaction energy
densities, line interaction energy density, as well as the surface, line and
interfacial tension.
. Chapter 5 In the fifth chapter, results for the surface interaction energy
densities, line interaction energy density and electrostatic potential within
exact and superposition calculations are compared and discussed for different
system parameters.
. Chapter 6 The sixth chapter summarizes the results and provides an
outlook for further research.
7

chapter 2
F O R M A L I S M
The following chapter provides a theoretical description of the system treated
in this thesis. Within the framework of classical density functional theory
the governing equation for the electrostatic potential, the corresponding
boundary conditions and an expression for the effective interactions in terms
of the electrostatic potential are obtained in a self-consistent manner.
2 .1 system
Within the scope of this thesis, the focuses lies on the electrostatic interaction
between two colloidal particles at a fluid-fluid interface. Both particles
carry the constant surface potential ΨP and are separated from each other
by distance L, which is considered to be small compared to their radii
(See Fig. 2.1a). Any deformities of the fluid-fluid interface are disregarded,
resulting in a planar interface. Additionally, a colloid-fluid contact angle of
90◦ is assumed and due to the small inter-particle separation, each particle
curvature is approximated as a flat wall.
For the mathematical description a confined space, which is bound by two
parallel planar walls located at z = 0 and z = L in Cartesian coordinates x, y
and z, is considered. The space between the walls is filled by two immiscible
fluids, resulting in a fluid-fluid interface at x = 0 which is perpendicular to
both walls. The upper fluid (in half-space x > 0) is denoted as medium 2
and the lower fluid (in half-space x < 0) as medium 1 (See Fig 2.1b).
In this setup, binary monovalent ionic species of opposing signs (e.g. Na+
and Cl−) are present. Their bulk ionic strength therefore reads
I(r) =
{
I1 x < 0
I2 x > 0.
(2.1)
Typically, molecule and ion interaction lead to variation of the ion number
density on the scale of the bulk correlation length, which in this case is
much smaller than the length scale of the studied system and can, therefore,
be neglected. As a result, both media are modeled as structure-less linear
dielectric fluids where the characteristic dielectric constant is given by
ε i = ε0εr,i i ∈ {1, 2}, (2.2)
9
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Medium 2
Medium 1
(a)
x
z
(b)
(0,0)
ε2, κ2
ε1, κ1
(0,L)
ΨP
ΨP
ΨP
ΨP
Figure 2.1: (a) Cross-section of two identical spherical colloids, trapped at a fluid-
fluid interface (indicated by the horizontal blue line). The particles are in close
vicinity with a colloid-fluid contact angle of 90◦. (b) Sketch of the simplified system
(ignoring the curvature of the sphere) of the boxed region in panel (a). Due to the
small surface-surface separation, the particle curvatures are approximated as two
flat walls at z = 0 and z = L which carry the constant surface potential ΨP. For
the region z ∈ [0, L], the space is filled by two immiscible fluids forming a flat fluid
interface at x = 0. The media are characterized by their permittivities ε1, ε2 and
inverse Debye lengths κ1, κ2, respectively.
for each medium i. Here, εr,i is the dimensionless relative permittivity and
ε0 the vacuum permittivity. Thus, the overall dielectric profile of the system
varies step-like at the fluid interface
ε(r) =
{
ε1 x < 0 medium 1
ε2 x > 0 medium 2.
(2.3)
However, the charge density varies on the length scale of the Debye length
(which exceeds the bulk correlation length) and thus, sets the length scale of
interest. The respective Debye lengths of medium i ∈ {1, 2} are defined as
κ(r)−1 =
{
κ−11 x < 0 medium 1
κ−12 x > 0 medium 2,
κ−1i :=
√
εr,i
8pilB Ii
, (2.4)
where the vacuum Bjerrum length defined as
lB :=
e2
4piε0kBT
, (2.5)
with Boltzmann constant kB, temperature T and elementary charge e > 0. In
the grand canonical description, the ion reservoirs are provided by the bulk
10
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of both media. The ion solvent interaction is characterized by an external
potential V±(r) acting on the ions, by definition
V±(r) =
{
0 x < 0
f± x > 0.
(2.6)
Hence, f± is the solvation free energy difference for the ions in the two
media.
2 .2 density functional
The potential distribution U of two different species of ionic particles i and j
with respective valencies Zi and Zj is given by
βUi,j(r, r′) = ZiZj
lB
|r− r′| . (2.7)
Meaning, two particles with single elementary charge (i.e. Na+, Cl−), which
are separated by their Bjerrum length lB have identical electrostatic and
thermal energy kBT. The excess-functional in Eq. (1.19) within the mean-field
like random phase approximation (see Section 1.2) is given by
βFex($) =
1
2
∫
V
d3r
∫
V
d3r′∑
i,j
ZiZj
lB
|r− r′|$(r)$(r
′)
=
β
2
∫
V
d3r $int(r)
1
4piε0
∫
V
d3r′
$int(r′)
|r− r′|
=
β
2
∫
V
d3r $int(r)φint($, r), (2.8)
where the internal charge density $int and the internal potential φint are given
by
$int = e∑
i
Zi$i, (2.9)
φint =
1
4piε0
∫
V
d3r′
$int(r′)
|r− r′| . (2.10)
In general, the external potential Vi(r) consists of electrostatic contributions
stemming from the system boundary ∂V and other contributing factors
Vi(r) = Zieφext(r) +Vi(r). (2.11)
11
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By using the excess-functional in Eq. (2.8), the density functional of the free
energy within the random phase approximation now reads
βΩ[$] =
∫
V
d3r∑
i
$i(r)
{
ln
(
$i(r)Λ3i
)− 1− βµi + βVi(r)}
+
∫
V
d3r
β
2
$int(r)φint($, r)
=
∫
V
d3r∑
i
$i(r)
{
ln
(
$i(r)Λ3i
)− 1− βµi + βVi(r)}
+
∫
V
d3r
β
2
$int(r)φint($, r) + βe∑
i
Zi$i(r)φext(r)
=
∫
V
d3r∑
i
$i(r)
{
ln
(
$i(r)
ζi
)
− 1+ βVi(r)
}
+
∫
V
d3r
β
2
$int(r)φint($, r) + β$intφext(r), (2.12)
with the fugacity defined as
ζi :=
exp(βµi)
Λ3i
. (2.13)
The last term of Eq. (2.12) can be further reduced by using the relation
$int = ∇·Dint(r, [$]), applying the divergence theorem and using the product
rule for the divergence. It yields the contribution for the energy density of
the electric displacement field∫
V
d3r
βD(r, [$])2
2ε(r)
, (2.14)
and a surface contribution which is the work the system has to provide to
keep the potentials at constant value ΨP at each surface
ΨP
∫
∂V
d2r n(r) ·D(r, [$]). (2.15)
The final expression of the functional is therefore given by
βΩ[$] =
∫
V
d3r
[
∑
i
$i(r)
{
ln
(
$i(r)
ζi
)
− 1+ βVi(r)
}
+
βD(r, [$])2
2ε(r)
]
+ βΨP
∫
∂V
d2r n(r) ·D(r, [$]). (2.16)
12
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2 .3 linearized poisson-boltzmann equation
After the more general grand potential functional within random phase
approximation has been derived in Eq. (2.16), the functional of the system
described in Sec. 2.1 now reads
βΩ[$±] =
∫
V
d3r
[
∑
i=±
$i(r)
{
ln
(
$i(r)
ζi
)
− 1+ βVi(r)
}
+
βD(r, [$±])2
2ε(r)
]
+ βΨP
∫
∂V
d2r n(r) ·D(r, [$±]), (2.17)
where the indices + and − indicate positive and negative ions with Z± = ±1.
Additionally, the deviations of the ion number density from the bulk ionic
strength are defined as φ± := $±(r) − I(r). In the next step, the grand
potential functional in Eq. (2.17) is expanded up to quadratic order in terms
of φ±, which provides the following expression
βΩ[$±] =
∫
V
d3r ∑
i=±
I(r)
[
ln
(
I(r)
ζi
)
− 1+ βVi(r)
]
+
∫
V
d3r
[
∑
i=±
φi(r)
{
ln
(
I(r)
ζi
)
+ βVi(r) +
φi(r)
2I(r)
}
+
βD(r, [$±])2
2ε(r)
]
+ βΨP
∫
∂V
d2r n(r) ·D(r, [$±]) +O(φ3). (2.18)
The first line in Eq. (2.18) of order O(φ0i ) describes the bulk contribution to
the free energy, the second and third line of order O(φni ) with n ≥ 1 denote
the surface and line contributions. For further calculations, the surface and
line contributions to the free energy up to second order are defined as
βΩ˜[φ±] :=
∫
V
d3r
[
∑
i=±
φi(r)
{
ln
(
I(r)
ζi
)
+ βVi(r) +
φi(r)
2I(r)
}
+
βD(r, [φ±])2
2ε(r)
]
+ βΨP
∫
∂V
d2r n(r) ·D(r, [φ±]). (2.19)
The equilibrium profile of the ionic number density is obtained by minimizing
the functional in Eq. (2.19), which leads to the Euler-Lagrange equation
δ
(
βΩ˜[φ±]
)
= 0. (2.20)
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According to Eq. (2.19), one can write
δ
(
βΩ˜[φ±]
)
=
∫
V
d3r ∑
i=±
δI(r)
{
ln
(
I(r)
ζi
)
+ βVi(r) +
φi(r)
2I(r)
}
+
∫
V
d3r
βD(r, [φ±])
ε(r)
δD(r, [φ±])
+ βΨP
∫
∂V
d2r n(r) · δD(r, [φ±]). (2.21)
Furthermore, the electric displacement field D(r, [φ±]) can be expressed in
terms of the electrostatic potential as D(r, [φ±]) = −ε(r)∇Ψ(r, [φ±]). Using
this relation and applying the divergence theorem, the second line of Eq. (2.21)
now reads
∫
V
d3r
βD(r, [φ±])
ε(r)
δD(r, [φ±]) (2.22)
=
∫
V
d3r [−∇Ψ(r, [φ±])]δD(r, [φ±]) (2.23)
= βe ∑
i=±
Zi
∫
V
d3rΨ(r, [φ±])δφi(r)− β
∫
∂V
d2rΨ(r, [φ±])[n(r) · δD(r, [φ±])].
(2.24)
As a result, the Euler-Lagrange equation in Eq. (2.21) now yields
0 =
∫
V
d3r ∑
i=±
δφi(r)
[
ln
(
I(r)
ζi
)
+ βVi(r) +
φi(r)
I(r)
+ βeZiΨ(r, [φ±])
]
− β
∫
V
d2r [Ψ(r, [φ±])−ΨP]n(r) · δD(r, [$]). (2.25)
The first line of Eq. (2.25) directly implies
ln
(
I(r)
ζi
)
+ βVi(r) +
φi(r)
I(r)
+ βeZiΨ(r, [φ±]) = 0. (2.26)
Additionally, the second line of Eq. (2.25) provides the Dirichlet boundary
condition for the electrostatic potential at the surface z = 0 and z = L of
system volume V
Ψ(x, 0) = Ψ(x, L) = ΨP. (2.27)
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2 .3 .1 Bulk of medium 1
In the bulk of medium 1 the quantities read I(r) = I1, βV±(r) = 0, φ±(r) = 0
and Ψ(r, [φ±]) = 0. Hence, Eq. (2.26) yields
ln
(
I1
ζ±
)
= 0 ⇒ I1 = ζ±. (2.28)
2 .3 .2 Bulk of medium 2
In the bulk of medium 2 the quantities read I(r) = I2, βV±(r) = β f±,
φ±(r) = 0 and Ψ(r, [φ±]) = ΨD with the Donnan-Potential ΨD originating
due to a difference in solubilties of the ions in the two media [26]. Therefore,
Eq. (2.26) gives
ln
(
I2
ζ±
)
+ β f± ± βeΨD = 0. (2.29)
Applying I1 = ζ±, Eq. (2.29) can be re-written as
ln
(
I2
I1
)
+ β f± ± βeΨD = 0. (2.30)
Adding the two expressions in Eq. (2.29) one obtains
2 ln
(
I2
I1
)
+ β( f+ + f−) = 0, (2.31)
⇔ I2
I1
= exp
(
−β
2
( f+ + f−)
)
. (2.32)
Whereas by subtracting the two equations in Eq. (2.29), one arrives at the
expression for the Donnan-potential as
ΨD = − 12e ( f+ + f−). (2.33)
2 .3 .3 Non-bulk
Introducing the bulk potential as
Ψb(r) =
{
Ψb,1 = 0 x < 0 medium 1
Ψb,2 = ΨD x > 0 medium 2,
(2.34)
Eqs. (2.28) and (2.29) can be summarized as
ln
(
I2
ζ±
)
+ βV±(r) + βeΨb(r) = 0. (2.35)
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Subtracting the bulk contribution in Eq. (2.35) from Eq. (2.26), one obtains
the equilibrium profile of the ionic number density profile
φi(r) = −βeZi I(r)[Ψ(r, [φ±])−Ψb(r)], (2.36)
in medium i ∈ {1, 2}. According to the electrostatic Gauss’ law and with
e∑i=± Zi I(r) = 0 one obtains the following expression
∇ ·D(r, [φ±]) = −∇ · [ε(r)∇Ψ(r, [φ±])]
= e ∑
i=±
Zi$i(r)
= e ∑
i=±
Zi(φi(r) + I(r))
= −2βeI(r)[Ψ(r, [φ±])−Ψb(r)]. (2.37)
The permittivity varies step-like at the fluid interface at x = 0, therefore it can
be expressed by using the Heaviside step function as introduced in Eq. (1.23)
ε(r) = ε1Θ(−x) + ε2Θ(x). (2.38)
Subsequently, Eq. (2.37) now reads
−δ(x)ε1∂xΨ(r, [φ±]) + δ(x)ε2∂xΨ(r, [φ±]) + ε(r)∇2Ψ(r, [φ±])
= 2βe2 I(r)[Ψ(r, [φ±])−Ψb(r)]. (2.39)
As a result of integrating Eq. (2.39) over the interval x ∈ [−ξ, ξ] and tak-
ing the limit of ξ → 0, one obtains the boundary condition of the electric
displacement field D(r, [φ±]) at the fluid interface
ε1∂xΨ(r)|x=0 − ε2∂xΨ(r)|x=0 = 0. (2.40)
Finally, for x 6= 0, the linearized Poisson-Boltzmann equation, also known as
the Debye-Hückel equation, is obtained as
∇2[Ψ(r, [φ±])−Ψb(r)] = κ2(r)[Ψ(r, [φ±])−Ψb(r)], (2.41)
with the inverse Debye length
κ(r) :=
√
2βe2 I(r)
ε(r)
. (2.42)
. Remark The non-linear Poisson-Boltzmann equation is derived within the
framework of density functional theory in Ref. [27] to study the electrostatic
interaction between two non-metallic colloids within a numerical approach.
To obtain the non-linear Poisson Boltzmann equation, one has to minimize
the density functional given in Eq. (2.17) without expanding it up to quadratic
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order in φi. In similar fashion to the calculations in Section 2.3, the Euler-
Lagrange equation leads to the corresponding equilibrium profile of the ionic
number density
φi(r) = I(r)[exp(−βeZi(Ψ(r, [φ±])−Ψb(r)))− 1]. (2.43)
And therefore, the non-linear Poisson-Boltzmann equation is given by
∇2(βeΨ(r, [φ±])) = κ2(r) sinh(βe(Ψ(r, [φ±])−Ψb(r))), (2.44)
with the inverse Debye length as defined in Eq. (2.42).
2 .4 interaction potential
The interaction contributions of the surface and line parts to the free energy
functional are given by
βΩ˜[φ±] =
∫
V
d3r ∑
i=±
φi(r)
{
ln
(
I(r)
ζi
)
+ βVi(r) +
φi(r)
2I(r)
}
+
βD(r, [φ±])2
2ε(r)
+ βΨP
∫
∂V
d2r n(r) ·D(r). (2.45)
Using Eqs. (2.35) and (2.36), the surface and line contribution can be re-
written as
βΩ˜[φ±] =− β2
∫
V
d3r∇ ·D(r, [φ±]){Ψb(r) +Ψ(r, [φ±])}+ βD(r, [φ±])
2
2ε(r)
+ βΨP
∫
∂V
d2r n(r) ·D(r, [φ±]), (2.46)
which can further be reduced to
βΩ˜[φ±] =− β2
∫
V
d3r (∇ ·D(r, [φ±]))Ψ(r, [φ±]) + (∇ ·D(r, [φ±]))Ψb(r)
+D(r, [φ±]) · (∇Ψ(r, [φ±]))
+ βΨP
∫
∂V
d2r n(r) ·D(r, [φ±]), (2.47)
by using
βD(r, [φ±])2
2ε(r)
= −β
2
D(r, [φ±])∇Ψ(r, [φ±]). (2.48)
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Applying the product rule, Eq. (2.47) yields
βΩ˜[φ±] =− β2
∫
V
d3r∇ · [D(r, [φ±])(Ψ(r, [φ±]) +Ψb(r))]
−D(r, [φ±])(∇Ψb(r)) + βΨP
∫
∂V
d2r n(r) ·D(r, [φ±]), (2.49)
which results in
Ω˜[φ±] =
∫
∂V
d2r (n(r) ·D(r, [φ±]))[Ψ(r, [φ±]) +Ψb(r)− 2ΨP]
+
ΨD
2
∫
x=0
d2rD(r, [φ±]) · ex, (2.50)
by applying the divergence theorem and using ∇Ψb(r) = δ(x)ΨDex. Here,
δ(x) denotes the Dirac delta distribution. The system volume V between the
two planar walls is set to V = [−Lx, Lx]×
[
0, Ly
]× [0, L]. Hence, Eq. (2.50)
yields
Ω˜[φ±] =− Ly2
0∫
−Lx
dx ε1∂zΨ1(x, z)|z=0[Ψ1(x, 0)− 2ΨP]
+
Ly
2
0∫
−Lx
dx ε1∂zΨ1(x, z)|z=L[Ψ1(x, L)− 2ΨP]
− Ly
2
Lx∫
0
dx ε2∂zΨ2(x, z)|z=0[Ψ2(x, 0) +ΨD − 2ΨP]
+
Ly
2
Lx∫
0
dx ε2∂zΨ2(x, z)|z=L[Ψ2(x, L) +ΨD − 2ΨP]
− ΨDLy
2
L∫
0
dz ε1∂xΨ1(x, z)|x=0. (2.51)
As derived in Eq. (2.27), the electrostatic potential in medium i ∈ {1, 2} at
z = 0 and z = L is given by the boundary condition
Ψi(x, 0) = Ψi(x, L) = ΨP. (2.52)
Furthermore, the symmetry of the problem provides the following relations,
which are used to simplify Eq. (2.51)
ε i∂zΨi(x, z)|z=0 = −ε i∂zΨi(x, z)|z=L, (2.53)
ε1∂xΨ1(x, z)|x=0 = ε2∂xΨ2(x, z)|x=0. (2.54)
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Finally, the expression for the surface and line contributions to the free energy
functional in terms of the electrostatic potential is given by
Ω˜[φ±] = ε1LyΨP
0∫
−Lx
dx ∂zΨ1(x, z)|z=0
+ (ΨP −ΨD)ε2Ly
Lx∫
0
dx ∂zΨ2(x, z)|z=0
− ε1ΨDLy
2
L∫
0
dz ∂xΨ1(x, z)|x=0. (2.55)
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E L E C T R O S TAT I C P O T E N T I A L
This chapter aims to find the electrostatic potential Ψ(x, z), which solves the
Debye-Hückel equation of the system described in Section 2.1. Section 3.2
presents the electrostatic potential Ψe(x, z) obtained within exact calcula-
tions and Section 3.3 provides the electrostatic potential Ψs(x, z) within the
superposition approximation.
3 .1 electrostatic potential
The electrostatic potential due to two chemically identical colloidal particles,
which carry the surface potential ΨP and are situated at a fluid interface
between medium 1 and 2 at x = 0 reads
Ψ(x, z) =
{
Ψ1(x, z) x < 0 medium 1
Ψ2(x, z) x > 0 medium 2.
(3.1)
In order to determine the electrostatic potential distribution for medium
i ∈ {1, 2}, of the system described in Section 2.1, one has to solve each
corresponding Debye-Hückle equation given by
∇2(Ψi(x, z)−Ψb,i) = κ2i (Ψi(x, z)−Ψb,i). (3.2)
Here, potential in the bulk is given by Ψb,i as specified in Eq. (2.34) and the
inverse Debye length κi is given by Eq. (2.4).
3 .2 exact electrostatic potential
The electrostatic potential Ψei (x, z) in medium i ∈ {1, 2} within exact calcu-
lations (denoted with superscript e) is obtained by applying a procedure
similiar to Refs. [13, 14], which already has been proven to be successful.
In order to obtain a solution, the actual problem is split into two different
sub-problems as depicted in Fig. 3.1. The electrostatic potentials for each
of the two sub-problems are then obtained by solving their corresponding
Debye-Hückel equations. As mentioned above, as a first step the system is
split into the following two sub-problems.
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x
z
(a)
(0,0)
ε2, κ2
ε1, κ1
(0,L)
x
z
(b)
(0,0)
ε i, κi
ε i, κi
(0,L)
ΨP
ΨP
ΨP
ΨP
Figure 3.1: (a) Sketch of sub-problem 1: Two fluids separated by a fluid-fluid
interface at x = 0 in absence of any walls. Medium 1 x < 0 and medium 2 x > 0. (b)
Sketch of sub-problem 2: Two walls located,one at z = 0 the other at z = L, filled
with medium i ∈ {1, 2}. Both walls carry the constant surface potential ΨP. The
fluids for each sub-problem are characterized by their dielectric permittivity ε1, ε2,
and inverse Debye length κ1, κ2, respectively.
B Sub-problem 1 The first sub-problem only deals with the flat fluid interface
at x = 0 between the two fluids in the absence of any walls (See Fig. 3.1a).
The potential ψ˜i(x) obtained by solving the Debye-Hückel equation of this
system is, due to the symmetry of the problem, only dependent on the
x-coordinate.
B Sub-problem 2 The second sub-problem deals with two flat walls, one
located at z = 0 and one at z = L, each carrying constant surface potential
ΨP. The space in between those walls is filled with either medium 1 or 2 (See
Fig. 3.1b). Once again, due to the symmetry of this problem, the potential
φi(z) is now only dependent on the z-coordinate and is obtained by solving
the Debye-Hückel equation.
Since the Debye-Hückel equation is a linear differential equation, the solution
of the complete system, in principle, can be obtained by adding the solutions
for sub-problems 1 and 2 as Ψei (x, z) = ψ˜i(x) + φi(z). As it turns out, this
solution satisfies all boundary conditions but the continuity of the electrostatic
potential and electric displacement field at the fluid interface. However by
introducing a correction function ci(x, z), which itself is a solution of the
Debye-Hückel equation, the continuity at the fluid interface can be restored.
Thus, the final expression for the exact electrostatic potential now reads
Ψei (x, z) = ψ˜i(x) + φi(z) + ci(x, z). (3.3)
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The boundary value problem for the electrostatic potential Ψei (x, z) in medium
i ∈ {1, 2}, which fulfills Eq. (3.2) requires the following set of conditions to
be satisfied:
B Condition 1 The electrostatic potential in medium 1 of sub-problem 1 has
to be equal to the bulk potential Ψb,1 = 0 far away from the fluid interface.
Therefore,
ψ˜1(x → −∞) = 0. (3.4)
B Condition 2 The electrostatic potential in medium 2 of sub-problem 2 has
to be equal to the bulk potential Ψb,2 = ΨD far away from the fluid interface.
Therefore,
ψ˜2(x → ∞) = ΨD. (3.5)
B Condition 3 The (total) electrostatic potential of the system has to be con-
tinuous at the fluid interface, meaning
Ψe1(0
−, z) = Ψe2(0
+, z). (3.6)
B Condition 4 The normal component of the electric displacement field has
to be continuous at the fluid interface
ε1∂xΨe1(0
−, z) = ε2∂xΨe2(0
+, z). (3.7)
B Condition 5 The electrostatic potential at the walls, located at z = 0 and
z = L, has to be equal to the constant surface potential ΨP in both media
i ∈ {1, 2}
φi(z = 0) = φi(z = L) = ΨP. (3.8)
3 .2 .1 Fluid interface in the absence of any walls
The electrostatic potential of sub-problem 1 (see Fig. 3.1a) is denoted as
ψ˜(x) =
{
ψ˜1(x) x < 0 medium 1
ψ˜2(x) x > 0 medium 2,
(3.9)
where ψ˜i(x) is obtained by solving the Debye-Hückel equation
∇2(ψ˜i(x)−Ψb,i) = κ2i (ψ˜i(x)−Ψb,i) (3.10)
in medium i ∈ {1, 2}. The bulk potential is set to Ψb,1 = 0 and Ψb,2 = ΨD
(Donnan-Potential), therefore Eq. (3.10) leads to the following equations to
be solved
∇2ψ˜1(x) = κ21ψ˜1(x), (3.11)
∇2(ψ˜2(x)−ΨD) = κ22(ψ˜2(x)−ΨD). (3.12)
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Since the potential ψ˜i(x) is a function of x only, the Laplacian∇2 in Eqs. (3.11)
and (3.12) can be written as ∇2 ≡ d2/dx2 . These differential equations are
solved by using an exponential ansatz
ψ˜1(x) = Ae−κ1x + Beκ1x, (3.13)
ψ˜2(x) = Ce−κ2x + Deκ2x +ΨD, (3.14)
where the integration constants A, B, C and D are calculated by using the
above-mentioned boundary conditions. As a consequence of condition 1
and 2, one can easily conclude that A = D = 0. Subsequently condition 3
then leads to
B = C +ΨD. (3.15)
Using A = D = 0, one can write from Eqs. (3.13) and (3.14)
∂xψ˜1(x)|x=0 = ε1κ1B, (3.16)
∂xψ˜2(x)|x=0 = −ε2κ2C. (3.17)
Using the relation in Eq. (3.15) and condition 4, one obtains
B =
ε2κ2
ε1κ1 + ε2κ2
ΨD, (3.18)
C = − ε1κ1
ε1κ1 + ε2κ2
ΨD. (3.19)
Given this, the final expression for the electrostatic potentials in the two
media in the absence of any walls can now be stated as follows
ψ˜1(x) = ΨD
ε2κ2
ε1κ1 + ε2κ2
eκ1x, (3.20)
ψ˜2(x) = ΨD
[
1− ε1κ1
ε1κ1 + ε2κ2
e−κ2x
]
. (3.21)
3 .2 .2 Two planar walls with fluid in between
The electrostatic potential of two planar walls, filled with medium i ∈ {1, 2},
as specified in sub-problem 2 and seen in Fig. 3.1b is given by
φ(z) =
{
φ1(z) x < 0 medium 1
φ2(z) x > 0 medium 2.
(3.22)
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The corresponding Debye-Hückel equation for the electrostatic potential
within this sub-problem reads
∇2(φi(z)−Ψb,i) = κ2i (φi(z)−Ψb,i), (3.23)
with the Laplacian ∇2 ≡ d2/dz2 . As a next step one has to determine φi(z)
for each medium i.
Medium 1
In medium 1 the bulk potential is given by Ψb,1 = 0 and the Debye-Hückel
equation in Eq. (3.23) therefore reads
∇2φ1(z) = κ21φ1(z), (3.24)
with the general solution
φ1(z) = Ae−κ1z + Beκ1z. (3.25)
By using boundary condition 5 one obtains
ΨP = A + B, (3.26)
ΨP = Ae−κ1L + Beκ1L. (3.27)
Subsequently, solving this set of linear equations leads to the solution for the
integration constants
A = ΨP
[
1− 1− e
−κ1L
2 sinh(κ1L)
]
, (3.28)
B = ΨP
1− e−κ1L
2 sinh(κ1L)
. (3.29)
Finally, the solution for the electrostatic potential of sub-problem 2 is given
by
φ1(z) = ΨP
[
sinh(κ1z)− sinh(κ1(z− L))
sinh(κ1L)
]
. (3.30)
Medium 2
The calculations for medium 2 are similar to those for medium 1. However,
the bulk potential is now given by Ψb,2 = ΨD instead so that one needs to
solve
∇2(φ2(z)−ΨD) = κ22(φ2(z)−ΨD). (3.31)
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Here, the general solution is given by
φ2(z) = ΨD + Ae−κ2z + Beκ2z. (3.32)
Analogous to the solution for medium 1, condition 5 leads to a system of
linear equations for the integration constants
ΨP = A + B +ΨD, (3.33)
ΨP = Ae−κ2L + Beκ2L +ΨD. (3.34)
Once again, the integration constants are obtained by solving the system of
linear equations. The integration constants read
B = (ΨP −ΨD) 1− e
−κ2L
2 sinh(κ2L)
, (3.35)
A = (ΨP −ΨD)
[
1− 1− e
−κ2L
2 sinh(κ2L)
]
. (3.36)
Therefore, the solution of sub-problem 2 for the electrostatic potential is
obtained as
φ2(z) = ΨD + (ΨP −ΨD)
[
sinh(κ2z)− sinh(κ2(z− L))
sinh(κ2L)
]
. (3.37)
3 .2 .3 Correction function
As mentioned previously, the sum Ψei (x, z) = ψ˜i(x) + φi(z) is a solution of
the Debye-Hückel equation for medium i ∈ {1, 2} due to its linear nature and
fulfills almost all required boundary conditions, except the continuity of the
electrostatic potential and electric displacement field at the fluid interface. By
constructing a correction function ci(x, z) in similar fashion as described in
Refs. [13, 14], it is possible to rectify this problem and restore the continuity
at the fluid interface. Accordingly, the final expression for the electrostatic
potential is then given by Eq. (3.3). Therefore, the correction function also
needs to be a solution of the Debye-Hückel equation
∇2ci(x, z) = κ2i ci(x, z), (3.38)
and has to keep the already fulfilled conditions unchanged. To achieve all
this, the correction function has to satisfy the following conditions.
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B Condition 1 The electrostatic potential Ψei (x, z) has to stay finite in the limit
x → ±∞ and ψ˜1(x → −∞) = 0, as well as ψ˜2(x → ∞) = ΨD has to stay
unaltered. Therefore,
c1(x → −∞, z) = 0, (3.39)
c2(x → ∞, z) = 0. (3.40)
B Condition 2 Since ψ˜1(x = 0) = ψ˜2(x = 0) is already fulfilled and the
electrostatic potential Ψei (x, z) has to be continuous at the interface x = 0, the
correction function has to satisfy
c1(x = 0, z) + φ1(z) = c2(x = 0, z) + φ2(z). (3.41)
B Condition 3 The surface potential at z = 0 and z = L has to stay unaltered
φi(z = 0) = φi(z = L) = ΨP. Therefore, the correction function has to fulfill
ci(x, z = 0) + ψ˜i(x) = 0, (3.42)
ci(x, z = L) + ψ˜i(x) = 0. (3.43)
B Condition 4 The boundary condition for the electric displacement field at
the fluid interface x = 0 has to stay valid
ε1∂xc1(x, z)|x=0 = ε2∂xc2(x, z)|x=0. (3.44)
Since the total electrostatic potential for each medium is obtained by superpos-
ing the solutions of the sub-problems, one has to be careful in considering the
bulk potential ΨD only once for medium 2. To end up with the correct bulk
potential in the limit x → ∞, the previous solution ψ˜i(x) of sub-problem 1
now reads
ψ˜1(x) =
ε2κ2
ε1κ1 + ε2κ2
ΨD eκ1x, (3.45)
ψ˜2(x) = − ε1κ1
ε1κ1 + ε2κ2
ΨD e−κ2x, (3.46)
and the solution φi(z) of sub-problem 2 is given by
φ1(z) = ΨP
[
sinh(κ1z)− sinh(κ1(z− L))
sinh(κ1L)
]
, (3.47)
φ2(z) = (ΨP −ΨD)
[
sinh(κ2z)− sinh(κ2(z− L))
sinh(κ2L)
]
. (3.48)
The first step to determine the correction function is to expanded ci(x, z) into
a Fourier series in z ∈ [0, 2L]
ci(x, z) =
a0,i(x)
2
+
∞
∑
n=1
an,i(x) sin
(npiz
L
)
+
∞
∑
n=1
bn,i(x) cos
(npiz
L
)
. (3.49)
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The symmetry of the system requires ci(x, z) to be symmetric about z = L/2.
However there is no such constraint about z = 0 or z = L. Furthermore the
system is expanded in such way that ci(x, z) is anti-symmetric about z = L,
which implies bn,i = 0 in Eq. (3.49). Therefore the Fourier series now reads
ci(x, y) =
a0,i(x)
2
+
∞
∑
n=1
an,i(x) sin
(npiz
L
)
. (3.50)
Inserting ci(x, z) into the Debye-Hückel equation in Eq. (3.38), one obtains
∇2ci(x, y) = a′′0,i(x) +
(
∞
∑
n=1
a
′′
n,i(x) sin
(npiz
L
))
−
(
∞
∑
n=1
an,i
n2pi2
L2
sin
(npiz
L
))
. (3.51)
This implies
a
′′
0,i(x) = κ
2
i a0,i(x), (3.52)
a
′′
n,i(x) =
[
n2pi2
L2
+ κ2i
]
an,i(x). (3.53)
For the sake of brevity, the following definition will be used in future calcula-
tions
pn,i :=
√
n2pi2
L2
+ κ2i . (3.54)
The solution of Eq. (3.52) is given by
a0,i = A0,ie−κix + B0,ieκix. (3.55)
As a result of condition 1 it is clear that A0,1 = B0,2 = 0, which provides the
following expressions for the Fourier coefficients a0,i in medium i ∈ {1, 2}
a0,1 = B0,1eκ1x, (3.56)
a0,2 = A0,2e−κ2x. (3.57)
Subsequently, the second differential equation in Eq. (3.53) is solved via a
similar exponential ansatz
an,i = An,ie−pn,ix + Bn,iepn,ix. (3.58)
Once again due to conditions 1 one has An,1 = Bn,2 = 0. Therefore the
Fourier coefficients now read
an,1 = Bn,1epn,1x, (3.59)
an,2 = An,2e−pn,2x. (3.60)
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Inserting all of the obtained expressions for the Fourier coefficients in
Eqs. (3.56), (3.57), (3.59) and (3.60), the Fourier series expansion of the correc-
tion function in Eq. (3.50) is now given by
c1(x, z) =
B0,1
2
eκ1x +
∞
∑
n=1
Bn,1epn,1x sin
(npiz
L
)
, (3.61)
c2(x, z) =
A0,2
2
e−κ2x +
∞
∑
n=1
An,2e−pn,2x sin
(npiz
L
)
. (3.62)
As a further step, the correction function as described in Eqs. (3.61) and (3.62)
is evaluated at the interface x = 0, which results in
c1(x = 0, z) =
B0,1
2
+
∞
∑
n=1
Bn,1 sin
(npiz
L
)
, (3.63)
c2(x = 0, z) =
A0,2
2
+
∞
∑
n=1
An,2 sin
(npiz
L
)
. (3.64)
Additionally, calculating the derivatives of Eqs. (3.61) and (3.62) with respect
to x one can easily write
∂xc1(x, z)|x=0 = κ1 B0,12 +
∞
∑
n=1
pn,1Bn,1 sin
(npiz
L
)
, (3.65)
∂xc2(x, z)|x=0 = −κ2 A0,22 +
∞
∑
n=1
pn,2 An,2 sin
(npiz
L
)
. (3.66)
In order to determine the constants B0,1 and A0,2, the correction function
ci(x, z) in Eqs. (3.61) and (3.62) is evaluated at the position of the walls z = 0
and z = L, yielding
c1(x, z = 0) = c1(x, z = L) =
B0,1
2
eκ1x, (3.67)
c2(x, z = 0) = c2(x, z = L) =
A0,2
2
e−κ2x. (3.68)
Using these results in condition 4, one obtains
A0,2 =
2ε1κ1
ε1κ1 + ε2κ2
ΨD, (3.69)
B0,1 = − 2ε2κ2
ε1κ1 + ε2κ2
ΨD. (3.70)
By using the obtained expressions for A0,2 and B0,1 condition 4 now yields
ε1 pn,1Bn,1 = −ε2 pn,2 An,2. (3.71)
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As a further step, one can plug the expressions for φ1(z) and φ2(z) (Eqs. (3.47)
and (3.48)) into condition 2. Multiplying both sides with
∫ L
0 dz sin
(mpiz
L
)
and
using the relations taken from Ref. [28]
L∫
0
dz sin
(mpiz
L
)
=
L− (−1)mL
mpi
, (3.72)
L∫
0
dz sin
(mpiz
L
)
sin
(npiz
L
)
=
L
2
δn,m, (3.73)
where δn,m denotes the Kronecker delta as defined in Eq. (1.22), one obtains
a second equation for the coefficients Bn,1 and An,2, which reads
− ε2κ2
ε1κ1 + ε2κ2
ΨD
L− (−1)nL
npi
+ Bn,1
L
2
+
ΨP
sinh(κ1L)
[
−(−1)nnpi
Lp2n,1
sinh(κ1L) +
npi
Lp2n,1
sinh(κ1L)
]
=
ε1κ1
ε1κ1 + ε2κ2
ΨD
L− (−1)nL
npi
+ An,2
L
2
+
ΨP −ΨD
sinh(κ2L)
[
−(−1)nnpi
Lp2n,2
sinh(κ2L) +
npi
Lp2n,2
sinh(κ2L)
]
. (3.74)
Finally, the coefficients An,2 and Bn,1 are now obtained by solving the set of
equations of Eqs. (3.71) and (3.74) as
An,2 =

2ΨD
n2pi2
− 2ΨP
n2pi2 + κ21L2
+
2(ΨP −ΨD)
n2pi2 + κ22L2
1+
ε2 pn,2
ε1 pn,1
{(−1)n − 1}, (3.75)
Bn,1 =

− 2ΨD
n2pi2
+
2ΨP
n2pi2 + κ21L2
− 2(ΨP −ΨD)
n2pi2 + κ22L2
1+
ε1 pn,1
ε2 pn,2
{(−1)n − 1}. (3.76)
Having calculated all previously unknown coefficients of Eqs. (3.61) and
(3.62), the correction function is now used to obtain the electrostatic potential.
3 .2 .4 Result
According to Eq. (3.3) the final expression for the electrostatic potential in
medium 1 within exact calculations is given by
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Ψe1(x, z) = ΨP
[
sinh(κ1z)− sinh(κ1(z− L))
sinh(κ1L)
]
(3.77)
+
∞
∑
n=1
− 2ΨDn2pi2 + 2ΨPn2pi2+κ21 L2 − 2(ΨP−ΨD)n2pi2+κ22 L2
1+ ε1 pn,1ε2 pn,2
npi{(−1)n − 1}epn,1x sin(npiz
L
)
,
and the exact electrostatic potential in medium 2 reads
Ψe2(x, z) = ΨD + (ΨP −ΨD)
[
sinh(κ2z)− sinh(κ2(z− L))
sinh(κ2L)
]
(3.78)
+
∞
∑
n=1
 2ΨDn2pi2 − 2ΨPn2pi2+κ21 L2 + 2(ΨP−ΨD)n2pi2+κ22 L2
1+ ε2 pn,2ε1 pn,1
npi{(−1)n − 1}e−pn,2x sin(npiz
L
)
.
3 .3 superposition approximation
The Debye-Hückel equation is a linear differential equation and thus, in
principle, a superposition approximation can be used to obtain the electro-
static potential for the system. By superposing the electrostatic potential
Ψsini (x, z) in medium i ∈ {1, 2} due to a single wall located at z = 0, with the
electrostatic potential due to a single wall located at z = L which is reflected
about its new position, one obtains an approximation of the potential in the
presence of both colloidal particles. The electrostatic potential Ψsi (x, z) within
this, widely known as, superposition approximation reads
Ψsi (x, z) = Ψ
sin
i (x, z) +Ψ
sin
i (x,−(z− L)). (3.79)
Therefore, one needs to first calculate the electrostatic potential due to a
single wall in contact with the two fluid media. To this end, the system
is split into the following sub-problems similar to the exact calculation in
Section 3.2.
B Sub-problem 1 A fluid interface between the two media at x = 0 without
any walls (Fig. 3.2a). The obtained electrostatic potential ψ˜i(x) is a function of
the x-coordinate, solves the Debye-Hückel equation for each corresponding
medium i ∈ {1, 2} and fulfills the boundary conditions at the interface as
well as in the limit of x → ±∞.
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x
z
(a)
(0,0)
ε2, κ2
ε1, κ1
(0,L)
x
z
(b)
(0,0)
ε i, κi
ε i, κi
ΨP
ΨP
Figure 3.2: (a) Sketch of sub-problem 1: Two fluids separated by a fluid-fluid
interface at x = 0 in absence of any walls. Medium 1 x < 0 and medium 2 x > 0. (b)
Sketch of sub-problem 2: One flat wall located at z = 0 filled by medium i ∈ {1, 2}
in the half-space (z > 0). The wall carries the constant surface potential ΨP and is
characterized by its dielectric permittivity ε1, ε2, and inverse Debye length κ1, κ2,
respectively.
B Sub-problem 2 A single flat wall at z = 0 carrying the constant surface
potential ΨP, bounding the half-space (z > 0) and filled by medium i ∈ {1, 2}.
The electrostatic potential φi(z) for each medium i is a function of the z-
coordinate only, solves the Debye-Hückel equation and fulfills the boundary
conditions at the single wall (z = 0) as well as in the limit of z→ ∞.
By adding each solution of subproblem 1 and 2, one simply obtains Ψsi (x, z) =
ψ˜i(x) + φi(z) for medium i ∈ {1, 2}. Analogous to the exact calculation in
Section 3.2, this expression for the electrostatic potential fulfills the Debye-
Hückel equation and the corresponding boundary conditions except the
continuity at the fluid interface. In similar fashion to Section 3.2.3, one can
construct a correction function ci(x, z) which restores the continuity at the
fluid interface and leaves already satisfied conditions unaltered. The electro-
static potential due to a single wall within superposition approximation is
therefore given by
Ψsini (x, z) = ψ˜i(x) + φi(z) + ci(x, z). (3.80)
3 .3 .1 Fluid interface in the absence of the wall
The solution of sub-problem 1 within the superposition approximation is
identical to sub-problem 1 in Section 3.2.1. Therefore, the potential ψ˜i(x) for
each medium i ∈ {1, 2} is given by
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ψ˜1(x) = ΨD
ε2κ2
ε1κ1 + ε2κ2
eκ1x, (3.81)
ψ˜2(x) = ΨD
[
1− ε1κ1
ε1κ1 + ε2κ2
e−κ2x
]
. (3.82)
3 .3 .2 A single wall in contact with a fluid
Medium 1
The electrostatic potential due to a single flat wall at z = 0 carrying constant
surface potential ΨP and in contact with medium 1 (see Fig. 3.2b), is given
by the solution of the Debye-Hückel equation
∇2φ1(z) = κ21φ1(z). (3.83)
Since φ1(z) is a function of z only, the Laplacian reads as ∇2 ≡ d2
/
dz2 in
this case. By using an exponential ansatz, the solution to this differential
equation is obtained as
φ1(z) = Ae−κ1z + Beκ1z. (3.84)
The boundary condition φ1(z → ∞) = 0 leads to B = 0 and the boundary
condition at the wall φ1(z = 0) = ΨP provides A = ΨP. Therefore, the final
expression for medium 1 reads
φ1(z) = ΨPe−κ1z. (3.85)
Medium 2
For a flat wall at z = 0, which carries the constant surface potential ΨP and
is in contact with medium 2 in the half-space z > 0, the bulk potential is
given by the Donnan-Potential Ψb,2 = ΨD (see Fig. 3.2b). Therefore, the
electrostatic potential φ2(z) is obtained by solving the corresponding Debye-
Hückel equation
∇2(φ2(z)−ΨD) = κ21(φ2(z)−ΨD). (3.86)
The general solution to this differential equation reads
φ1(z) = Ae−κ2z + Beκ2z +ΨD. (3.87)
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For the half-space z > 0 filled by medium 2, the boundary conditions
φ2(z → ∞) = ΨD and φ2(z = 0) = ΨP lead to B = 0 and A = (ΨP − ΨD),
respectively. Therefore, the electrostatic potential in medium 2 reads
φ2(z) = (ΨP −ΨD)e−κ2z +ΨD (3.88)
3 .3 .3 Correction function
As rightly mentioned in the beginning of Section 3.3, the electrostatic potential
obtained by simply adding the solutions of sub-problems 1 and 2 does not
satisfy all conditions at the fluid interface. This problem is again rectified
by the construction of a correction function ci(x, z) similar to Section 3.2.3.
Accordingly, the electrostatic potential within superposition calculations
is then given by Eq. (3.80). Therefore, the correction function solves the
Debye-Hückel equation
∇2ci(x, z) = κ2i ci(x, z), (3.89)
with the boundary conditions as follows.
B Condition 1 The electrostatic potential of a single wall Ψsini (x, z) has to stay
finite in the limit of x → ±∞ and z→ ∞. Therefore,
ci(x → ±∞, z) = 0, (3.90)
ci(x, z→ ∞) = 0. (3.91)
B Condition 2 The correction function has to satisfy the continuity of the
electric displacement field at the fluid interface x = 0 such that
ε1∂xc1(x, z)|x=0 = ε2∂xc2(x, z)|x=0. (3.92)
B Condition 3 The surface potential at the wall located at z = 0 has to stay
unaltered φi(z = 0) = ΨP. Therefore the correction function has to satisfy
ci(x, z = 0) + ψ˜i(x) = 0. (3.93)
B Condition 4 Since ψ˜1(x = 0) = ψ˜2(x = 0) is already satisfied and the
electrostatic potential has to be continuous at the fluid interface at x = 0, the
correction function has to satisfy
c1(x = 0, z) + φ1(z) = c2(x = 0, z) + φ2(z). (3.94)
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In order to treat condition 3, the correction function is constructed as
ci(x, z) = −ψ˜i(x) + 12pi
∞∫
0
dq cˆi(x, z) sin(qz), (3.95)
which results in ci(x, z = 0) = −ψ˜i(x) at the the wall and therefore satisfies
the condition. In similar fashion to the exact calculations, one has to be
careful in considering the bulk potential ΨD only once for medium 2. Thus,
the previous results for sub-problem 1 read
ψ˜1(x) = ΨD
ε2κ2
ε1κ1 + ε2κ2
eκ1x, (3.96)
ψ˜2(x) = −ΨD ε1κ1
ε1κ1 + ε2κ2
e−κ2x, (3.97)
and those for sub-problem 2 are given by
φ1(z) = ΨPe−κ1z, (3.98)
φ2(z) = (ΨP −ΨD)e−κ2z. (3.99)
By inserting Eq. (3.95) into the Debye-Hückel equation in Eq. (3.89), one
obtains
− ∂2xψ˜i(x) +
1
2pi
∫ ∞
0
dq ∂2x cˆi(x, z) sin(qz)−
1
2pi
∫ ∞
0
dq q2cˆi(x, z) sin(qz)
= κ2i
(
−ψ˜i(x) + 12pi
∫ ∞
0
dq cˆi(x, z) sin(qz)
)
. (3.100)
Since ψ˜i(x) is already a solution of the Debye-Hückel equation, Eq. (3.100)
leads to
∂2x cˆi(x, z) =
(
κ2i + q
2)cˆi(x, z). (3.101)
The solution to this differential equation is given by
cˆ1(x, z) = A1(q)e−p1(q)x + M1(q)ep1(q)x, (3.102)
cˆ2(x, z) = M2(q)e−p2(q)x + A2(q)ep2(q)x, (3.103)
where
pi(q) :=
√
κ2i + q
2, (3.104)
and the coefficients Ai(q) and Mi(q) are functions of q. Now, by using
condition 1 and Eq. (3.95) one obtains A1(q) = A2(q) = 0. Therefore,
Eqs. (3.102) and (3.103) are reduced to
cˆ1(x, z) = M1(q)ep1(q)x, (3.105)
cˆ2(x, z) = M2(q)e−p2(q)x. (3.106)
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Applying condition 2 to Eqs. (3.105) and (3.106) yields
ε1M1(q)p1(q) = −ε2M2(q)p2(q). (3.107)
In the next step the sine-transformation, as defined in Eq. (1.20), of φi(z) is
calculated to proceed further with condition 4. The results read
φˆ1(q) =
∞∫
0
dz φ1(z) sin(qz) =
qΨP
p21(q)
, (3.108)
φˆ2(q) =
∞∫
0
dz φ2(z) sin(qz) =
q(ΨP −ΨD)
p22(q)
. (3.109)
Furthermore, inserting the obtained sine-transformations into condition 4
and using the relation 2pi
∫ ∞
0 dz sin(q)/q = 1 results in
qΨP
p21(q)
+ M1(q) =
ΨD
q
+
q(ΨP −ΨD)
p22(q)
+ M2(q). (3.110)
In order to determine the final expression for the correction function, the
system of two linear equations in Eqs. (3.107) and (3.110) has to be solved.
Therefore, the expressions for M1(q) and M2(q) read
M1(q) = − ε2 p2(q)
ε1 p1 + ε2 p2
[
qΨP
p21(q)
− q(ΨP −ΨD)
p22(q)
− ΨD
q
]
, (3.111)
M2(q) =
ε1 p1(q)
ε1 p1(q) + ε2 p2
[
qΨP
p21(q)
− q(ΨP −ΨD)
p22(q)
− ΨD
q
]
. (3.112)
The correction function for medium 1, as constructed earlier in Eq. (3.95), is
then given by
c1(x, z) = − ε2κ2
ε1κ1 + ε2κ2
ΨDeκ1x
− 2
pi
∞∫
0
dq
ε2 p2(q)
ε1 p1(q) + ε2 p2(q)
[
qΨP
p21(q)
− q(ΨP −ΨD)
p22(q)
− ΨD
q
]
ep1(q)x sin(qz),
(3.113)
and for medium 2 as
c2(x, z) =
ε1κ1
ε1κ1 + ε2κ2
ΨDe−κ2x
+
2
pi
∞∫
0
dq
ε1 p1(q)
ε1 p1(q) + ε2 p2(q)
[
qΨP
p21(q)
− q(ΨP −ΨD)
p22(q)
− ΨD
q
]
e−p2(q)x sin(qz).
(3.114)
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3 .3 .4 Electrostatic potential for a single wall
The electrostatic potential due to a single wall located at z = 0 in contact
with the two fluid media forming a fluid interface at x = 0, is now calculated
with Eq. (3.80) and is therefore given in medium 1 by
Ψsin1 (x, z) = ΨPe
−κ1z
− 2
pi
∞∫
0
dq
ε2 p2(q)
ε1 p1(q) + ε2 p2(q)
[
qΨP
p21(q)
− q(ΨP −ΨD)
p22(q)
− ΨD
q
]
ep1(q)x sin(qz),
(3.115)
and in medium 2 by
Ψsin2 (x, z) = ΨD + (ΨP −ΨD)e−κ2z
+
2
pi
∞∫
0
dq
ε1 p1(q)
ε1 p1(q) + ε2 p2(q)
[
qΨP
p21(q)
− q(ΨP −ΨD)
p22(q)
− ΨD
q
]
e−p2(q)x sin(qz).
(3.116)
3 .3 .5 Result
The electrostatic potential within the superposition approximation for a
system featuring two flat walls (one at z = 0 and z = L) is now finally
obtained by superposing the solutions of the single wall problem as shown
earlier in Eq. (3.79). Therefore, using Eq. (3.115), the electrostatic potential
distribution in medium 1 is given by
Ψs1(x, z) = ΨPe
−κ1z +ΨPeκ1(z−L)
− 2
pi
∞∫
0
dq
ε2 p2(q)
ε1 p1(q) + ε2 p2(q)
[
qΨP
p21(q)
− q(ΨP −ΨD)
p22(q)
− ΨD
q
]
ep1(q)x sin(qz)
+
2
pi
∞∫
0
dq
ε2 p2(q)
ε1 p1(q) + ε2 p2(q)
[
qΨP
p21(q)
− q(ΨP −ΨD)
p22(q)
− ΨD
q
]
× ep1(q)x sin(q(z− L)). (3.117)
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Analogous, the electrostatic potential in medium 2 is obtained by superposing
Eq. (3.116) as mentioned above and reads
Ψs2(x, z) = 2ΨD + (ΨP −ΨD)(e−κ2z − eκ2(z−L))
+
2
pi
∞∫
0
dq
ε1 p1(q)
ε1 p1(q) + ε2 p2(q)
[
qΨP
p21(q)
− q(ΨP −ΨD)
p22(q)
− ΨD
q
]
e−p2(q)x sin(qz)
− 2
pi
∞∫
0
dq
ε1 p1(q)
ε1 p1(q) + ε2 p2(q)
[
qΨP
p21(q)
− q(ΨP −ΨD)
p22(q)
− ΨD
q
]
×e−p2(q)x sin(q(z− L)). (3.118)
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I N T E R A C T I O N E N E R G I E S
In this chapter, analytical expressions for the L-dependent interaction energies
between the two plates as well as L-independent interactions (i.e. surface
tensions or line tensions acting between the plates and the fluids or interfacial
tension between the fluids) present in the system are derived. Results are
obtained for both, the exact calculations in Section 4.3 and the superposition
approximation in Section 4.4.
4 .1 energy contributions
At the end of Chapter 2, the grand potential corresponding to the system is
expressed as a functional of the electrostatic potentials Ψi(x, z) in medium
i ∈ {1, 2}. Having calculated Ψi(x, z) in Chapter 3, one can now insert the
results back into Eq. (2.55) to obtain the grand potential as a function of
the separation distance L, which then can be further decomposed into the
following contributions
Ω˜(L) = ∑
i∈{1,2}
(ωγ,i(L) + γi)2Ai + (ωτ(L) + τ)2l + γ1,2A1,2, (4.1)
where
◦ ωγ,i(L) is the surface interaction energy per total area of the two sur-
faces 2Ai in contact with medium i ∈ {1, 2} at separation L.
◦ γi is the surface tension acting between medium i ∈ {1, 2} and the
adjacent walls, with total area 2Ai, at z = 0 and z = L respectively.
◦ ωτ(L) is the line interaction energy density between the two three-
phase contact lines separated by distance L and expressed by their total
length 2l.
◦ τ is the line tension acting at the two three-phase contact lines (total
length 2l) formed at z = 0 and z = L respectively.
◦ γ1,2 is the interfacial tension acting between the two media i ∈ {1, 2}
at the fluid interface at x = 0. The total area of the fluid interface is
denoted by A1,2.
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. Remark The expression in Eq. (4.1) does not contain the bulk contribution
to the free energy. The bulk energy density Ωb,i in medium i ∈ {1, 2} with
volume Vi is given by the first term in Eq. (2.18). Therefore,
βΩb,1 =
1
V1
∫
V1
d3r ∑
i=±
I1
[
ln
(
I1
ζi
)
− 1+ βVi(r)
]
= −2I1, (4.2)
βΩb,2 =
1
V2
∫
V2
d3r ∑
i=±
I2
[
ln
(
I2
ζi
)
− 1+ βVi(r)
]
= −2I2. (4.3)
4 .2 method
x
z
y
Lx
Lx
Ly
L
0
medium 1
medium 2
Figure 4.1: Sketch of the considered system volume V used to calculated the
interaction parameters. The interfacial area is given in blue (•) and the three-phase
contact line is given in green (•). Each one of the two walls carrying constant surface
potential ΨP is denoted by the color red (•). The lower space (x < 0) is filled by
medium 1 and the upper space (x > 0) by medium 2.
The energy contributions are calculated by using a system as seen in Fig. 4.1.
Here, the total system volume is given by V = [−Lx, Lx]×
[
0, Ly
]× [0, L].
Therefore the line and surface contribution given in Eq. (4.1) now reads
Ω˜(L) = ∑
i∈{1,2}
(ωγ,i(L) + γi)2LxLy + (ωτ(L) + τ)2Ly + γ1,2LLy. (4.4)
In order to extract all interaction parameters in Eq. (4.4) the following pro-
cedure is used. First, the electrostatic potentials are inserted into the grand
potential in Eq. (4.4) and then terms proportional to 2LxLy, 2Ly and LLy are
separated. Clearly, the coefficient of LLy is the interfacial tension γ1,2. The
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coefficients of 2LxLy and 2Ly, however, include both the L- dependent and
L-independent contributions. In each case, the L-independent contribution is
obtained by taking the limit of L→ ∞. In other words, if p(L) is the quantity
that includes both, the L-dependent and L-independent contributions, then
p(L→ ∞) gives the L-independent contribution as the interaction between
the plates vanishes in the limit of infinite separation. Consequently, the
L-dependent contribution of p(L) is then given by
p(L) = p(L)− lim
L→∞
p(L). (4.5)
4 .3 exact calculations
The contribution to the free energy as given in Eq. (4.1), combined with the
exact expression of the electrostatic potential in medium i ∈ {1, 2} provided
by Eqs. (3.77) and (3.78), reads
Ω˜e(L) = ε1LyΨP
0∫
−Lx
dx ∂zΨe1(x, z)|z=0 + (ΨP −ΨD)ε2Ly
Lx∫
0
dx ∂zΨe2(x, z)|z=0
− ε1ΨDLy
2
L∫
0
dz ∂xΨe1(x, z)|x=0. (4.6)
To end up with the free energy as a function of separation L, one now has
to first calculate the derivatives of the electrostatic potentials as needed for
Eq. (4.6). Evaluating those derivatives at x = 0 and z = 0 respectively results
in
∂xΨe1(x, z)|x=0 =
∞
∑
n=1
χ1,n(L)npi{(−1)n − 1}pn,1 sin
(npiz
L
)
, (4.7)
∂zΨe1(x, z)|z=0 = κ1ΨP
[
1− cosh(κ1L)
sinh(κ1L)
]
+
∞
∑
n=1
χ1,n(L)
n2pi2
L
{(−1)n − 1}epn,1x, (4.8)
∂zΨe2(x, z)|z=0 = κ2(ΨP −ΨD)
[
1− cosh(κ2L)
sinh(κ2L)
]
+ ∑
n=1
χ2,n(L)
n2pi2
L
{(−1)n − 1}e−pn,2x, (4.9)
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where for the sake of brevity the following notations are used
pn,i :=
√
n2pi2
L2
+ κ2i i ∈ {1, 2}, (4.10)
χ1,n(L) :=

− 2ΨD
n2pi2
+
2ΨP
n2pi2 + κ21L2
− 2(ΨP −ΨD)
n2pi2 + κ22L2
1+
ε1 pn,1
ε2 pn,2
, (4.11)
χ2,n(L) :=

2ΨD
n2pi2
− 2ΨP
n2pi2 + κ21L2
+
2(ΨP −ΨD)
n2pi2 + κ22L2
1+
ε2 pn,2
ε1 pn,1
. (4.12)
With the assumption that Lx  1, one furthermore obtains the following
expression for the free energy contribution
Ω˜e(L) =
[
ωγ,1(L) +ωγ,2(L)
]
2LxLy
+
[
ω1τ(L) +ω
2
τ(L) +ωτ,γ1,2(L)
]
2Ly, (4.13)
in which different terms are separated by their proportionality as outlined in
Section 4.2.
ωγ,1(L) :=
ε1κ1
2
Ψ2P
[
1− cosh(κ1L)
sinh(κ1L)
]
, (4.14)
ωγ,2(L) :=
ε2κ2
2
(ΨP −ΨD)2
[
1− cosh(κ2L)
sinh(κ2L)
]
, (4.15)
ω1τ(L) :=
ε1ΨP
2
∞
∑
n=1
χ1,n(L)
n2pi2
L
{(−1)n − 1}
pn,1
, (4.16)
ω2τ(L) :=
ε2(ΨP −ΨD)
2
∞
∑
n=1
χ2,n(L)
n2pi2
L
{(−1)n − 1}
pn,2
, (4.17)
ωτ,γ1,2(L) :=
ε1ΨD
4
∞
∑
n=1
χ1,n(L){(−1)n − 1}2Lpn,1. (4.18)
. Remark So far, none of the occurring terms can be assigned to the interfa-
cial tension. Further calculation of Eq. (4.18) will however result in a term
proportional to the interfacial area LLy later on.
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4 .3 .1 Surface interaction energy densities and surface tensions
Surface contributions to the free energy are given by coefficients proportional
to 2LxLy. Consequently, to separate the L-independent contributions from
the L-dependent contributions, the procedure as specified in Section 4.2 is
applied.
Surface tensions
L-dependent contributions to the surface part vanish in the limit of infinite
separation L → ∞. Therefore, L-independent contributions to the surface
interaction are identified by taking the limit L → ∞ of ωγ,i(L) in medium
i ∈ {1, 2}. The behavior in medium 1 for this infinite separation limit is given
by
lim
L→∞
ωγ,1(L) = lim
L→∞
ε1κ1
2
Ψ2P
[
1− cosh(κ1L)
sinh(κ1L)
]
= − ε1κ1
2
Ψ2P, (4.19)
and for medium 2 analogous as,
lim
L→∞
ωγ,2(L) = lim
L→∞
ε2κ2
2
(ΨP −ΨD)2
[
1− cosh(κ2L)
sinh(κ2L)
]
= − ε2κ2
2
(ΨP −ΨD)2. (4.20)
Therefore, the energy contribution due to the surface tension (proportional
to 2LxLy) within exact calculation is given by
γe1 = −
ε1κ1
2
Ψ2P, (4.21)
γe2 = −
ε2κ2
2
(ΨP −ΨD)2. (4.22)
Surface interaction energy densities
Subsequently, the L-dependent contributions to the surface interactions are
obtained by subtracting Eqs. (4.19) and (4.20) from the terms in Eqs. (4.14)
and (4.15). As a result, one obtains for medium 1
ωγ,1(L) = ωγ,1(L)− lim
L→∞
ωγ,1(L)
=
ε1κ1
2
Ψ2P
[
1+
(
1− cosh(κ1L)
sinh(κ1L)
)]
. (4.23)
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and for medium 2
ωγ,2(L) = ωγ,2(L)− lim
L→∞
ωγ,2(L)
=
ε2κ2
2
(ΨP −ΨD)2
[
1+
(
1− cosh(κ2L)
sinh(κ2L)
)]
. (4.24)
The surface interaction energy per total surface area 2LxLy within the exact
calculation is therefore given by
ωeγ,1(L) =
ε1κ1
2
Ψ2P
[
1+
(
1− cosh(κ1L)
sinh(κ1L)
)]
, (4.25)
ωeγ,2(L) =
ε2κ2
2
(ΨP −ΨD)2
[
1+
(
1− cosh(κ2L)
sinh(κ2L)
)]
. (4.26)
4 .3 .2 Line interaction energy density, line tension and interfacial tension
For a system as shown in Fig. 4.1, the line contributions to the free energy
are proportional to the total length of the three-point lines 2Ly. To separate
the L-dependent from the L-independent contributions, the procedure of
Section 4.2 is applied once again.
Line tension and interfacial tension
The line tension τ is characterized by L-independent terms, which are propor-
tional to 2Ly. As outlined earlier, those contributions are identified in the limit
of infinite separation L → ∞. First, the sum occurring in Eqs. (4.16), (4.17)
and (4.18) is simplified since all even numbers yield zero viz.
∞
∑
n=1
pi
L
{(−1)n − 1} =
∞
∑
n=1,3,5,..
−2pi
L
. (4.27)
Furthermore, by defining the new variable x := npiL one obtains
lim
L→∞
∞
∑
n=1,3,5,..
2pi
L
→
∞∫
0
dx , (4.28)
and pn,i as defined in Eq. (4.10) now reads px,i :=
√
x2 + κ2i . Subsequently,
χ1,n(L) and χ2,n(L) (Eqs. (4.11) and (4.12)) transform in the limit L → ∞ as
follows
lim
L→∞
χi,n(L) =
1
L2
χi,x, (4.29)
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where
χ1,x :=

−2ΨD
x2
+
2ΨP
x2 + κ21
− 2(ΨP −ΨD)
x2 + κ22
1+
ε1 px,1
ε2 px,2
, (4.30)
χ2,x :=

2ΨD
x2
− 2ΨP
x2 + κ21
+
2(ΨP −ΨD)
x2 + κ22
1+
ε2 px,2
ε1 px,1
. (4.31)
As a result of these properties, Eq. (4.16) yields
lim
L→∞
ω1τ(L) = limL→∞
ε1ΨP
2
∞
∑
n=1
χ1,n
n2pi2
L
{(−1)n − 1}
pn,1
= − ε1ΨP
2
∞∫
0
dx χ1,x
x2
pipx,1
, (4.32)
whereas Eq. (4.17) is reduced to
lim
L→∞
ω2τ(L) = limL→∞
ε2(ΨP −ΨD)
2
∞
∑
n=1
χ2,n
n2pi2
L
{(−1)n − 1}
pn,2
= − ε2(ΨP −ΨD)
2
∞∫
0
dx χ2,x
x2
pipx,2
. (4.33)
As mentioned earlier, Eq. (4.18) contains terms proportional to 2Ly (line con-
tribution) as well as LLy (interfacial contribution). By further simplification,
it is possible to recover the following expression
ωτ,γ1,2(L) = ω
3
τ(L) +
γ1,2
2
L. (4.34)
Thereby, the contribution to the line interaction, which is proportional to 2Ly
reads
ω3τ(L) =
ΨDε1ε2
L
∞
∑
n=1,3,5,..
1
ε1 pn,1 + ε2 pn,2
(4.35)
×
[
−2ΨDκ22
ε1κ1 + ε2κ2
(
(κ22 − κ21)(ε1κ1 + ε2κ2)
κ22 p
2
n,2[(pn,1/pn,2) + (κ1/κ2)]
− κ1
κ2
(
ε1
pn,1 + κ1
+
ε2
pn,2 + κ2
))
+
2ΨP(κ22 − κ21)
pn,1 pn,2
]
.
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By taking the limit L→ ∞ of Eq. (4.35) and simultaneously using the relation
provided in Eq. (4.28), one obtains
lim
L→∞
ω3τ(L) = limL→∞
ΨDε1ε2
L
∞
∑
n=1,3,5,..
1
ε1 pn,1 + ε2 pn,2
×
[
−2ΨDκ22
ε1κ1 + ε2κ2
(
(κ22 − κ21)(ε1κ1 + ε2κ2)
κ22 p
2
n,2[(pn,1/pn,2) + (κ1/κ2)]
− κ1
κ2
(
ε1
pn,1 + κ1
+
ε2
pn,2 + κ2
))
+
2ΨP(κ22 − κ21)
pn,1 pn,2
]
=
ΨDε1ε2
2pi
∞∫
0
dx
1
ε1 px,1 + ε2 px,2
×
[
−2ΨDκ22
ε1κ1 + ε2κ2
(
(κ22 − κ21)(ε1κ1 + ε2κ2)
κ22 p
2
x,2[(px,1/px,2) + (κ1/κ2)]
− κ1
κ2
(
ε1
px,1 + κ1
+
ε2
px,2 + κ2
))
+
2ΨP(κ22 − κ21)
px,1 px,2
]
. (4.36)
Finally, the sum of Eqs. (4.32), (4.33) and (4.36) results in the line tension
τ = lim
L→∞
ω1τ(L) + limL→∞
ω2τ(L) + limL→∞
ω3τ(L), (4.37)
which is therefore given within exact calculations as
τe =− ε1ΨP
2
∞∫
0
dx χ1,x
x2
pipx,1
− ε2(ΨP −ΨD)
2
∞∫
0
dx χ2,x
x2
pipx,2
+
ΨDε1ε2
2pi
∞∫
0
dx
1
ε1 px,1 + ε2 px,2
×
[
−2ΨDκ22
ε1κ1 + ε2κ2
(
(κ22 − κ21)(ε1κ1 + ε2κ2)
κ22 p
2
x,2[(px,1/px,2) + (κ1/κ2)]
− κ1
κ2
(
ε1
px,1 + κ1
+
ε2
px,2 + κ2
))
+
2ΨP(κ22 − κ21)
px,1 px,2
]
. (4.38)
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Now, the only term left is proportional to the interfacial area LLy and is
therefore identified as the interfacial tension. The expression is given in
Eq. (4.34) and reads
γ1,2 = − 4
pi2
ε1ε2κ1κ2
(ε1κ1 + ε2κ2)
Ψ2D
∞
∑
n=1,3,5,..
1
n2
. (4.39)
By using the Riemann zeta function
ζ(s) =
∞
∑
n=1
1
ns
, (4.40)
the sum in Eq. (4.39) is calculated as
∞
∑
n=1,3,5,..
1
n2
=
∞
∑
n=1
1
n2
−
∞
∑
n=1
1
(2n)2
=
(
1− 1
4
) ∞
∑
n=1
1
n2
=
3
4
ζ(2)
=
pi2
8
. (4.41)
Therefore, the final result of the interfacial tension within exact calculations,
which acts between the two media i ∈ {1, 2}, is given by
γe1,2 = −
ε1ε2κ1κ2
2(ε1κ1 + ε2κ2)
Ψ2D. (4.42)
. Remark In principle, the interfacial tension should not depend on the
nature of the particle surface since it is a property of the fluid-fluid interface
only. This behavior is consistent with the results of Ref. [14], where an
identical expression for the interfacial tension is obtained for a different type
of colloids and surface boundaries.
Line interaction energy density
As outlined in Section 4.2, the L-dependent contributions to the line in-
teraction energy density are now obtained by subtracting the constant L-
independet terms, which are given in Eqs. (4.32), (4.33), (4.36) and (4.42),
from the terms in Eqs. (4.16), (4.17) and (4.18), effectively resulting in
ωτ(L) =
(
ω1τ(L) +ω
2
τ(L) +ωτ,γ1,2(L)
)
− τ − γ1,2
2
L. (4.43)
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Therefore, the line interaction energy density within exact calculation reads
ωeτ(L) =
ε1ΨP
2
∞
∑
n=1
χ1,n(L)
n2pi2
L
{(−1)n − 1}
pn,1
+
ε2(ΨP −ΨD)
2
∞
∑
n=1
χ2,n(L)
n2pi2
L
{(−1)n − 1}
pn,2
+
ε1ΨD
4
∞
∑
n=1
χ1,n(L){(−1)n − 1}2Lpn,1
+
ε1ΨP
2
∞∫
0
dx χ1,x
x2
pipx,1
+
ε2(ΨP −ΨD)
2
∞∫
0
dx χ2,x
x2
pipx,2
+
ε1ε2κ1κ2
4(ε1κ1 + ε2κ2)
Ψ2DL
− ΨDε1ε2
2pi
∞∫
0
dx
1
ε1 px,1 + ε2 px,2
×
[
−2ΨDκ22
ε1κ1 + ε2κ2
(
(κ22 − κ21)(ε1κ1 + ε2κ2)
κ22 p
2
x,2[(px,1/px,2) + (κ1/κ2)]
− κ1
κ2
(
ε1
px,1 + κ1
+
ε2
px,2 + κ2
))
+
2ΨP(κ22 − κ21)
px,1 px,2
]
. (4.44)
4 .4 superposition approximation
As a next step, expressions for the interaction parameters, such as surface
and line interaction energy densities, are derived by using the electrostatic
potential obtained within the superposition approximation. Analogous to
the exact calculations, expressions for the surface, line and interfacial tension
are calculated as well.
It is important to note, that by calculating the superposition approxima-
tion expressions for the line and surface interactions, no further approxima-
tion method is applied. Here, superposition approximation simply states
that the quantities are calculated by using the electrostatic potential obtained
by superposing the potential of one single wall, as carried out in Section 3.3.
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The contribution to the free energy given in Eq. (4.4), inserted with the
approximated electrostatic potential in Eqs. (3.117) and (3.118), reads
Ω˜s(L) = ε1ΨPLy
0∫
−Lx
dx ∂zΨs1(x, z)|z=0 + ε2(ΨP −ΨD)Ly
Lx∫
0
dx ∂zΨs2(x, z)|z=0
− ε1ΨDLy
2
L∫
0
dz ∂xΨs1(x, z)|x=0. (4.45)
In similar fashion to Section 4.3, the introduction of the following definitions
allow for a clearer presentation
pi(q) :=
√
κ2i + q
2 with i ∈ {1, 2}, (4.46)
Ξ(q) :=
[
q2ΨP
p21(q)
− q
2(ΨP −ΨD)
p22(q)
−ΨD
]
. (4.47)
The derivatives of the electrostatic potential within superposition approxi-
mation in Eq. (4.45), evaluated at x = 0 and z = 0 respectively, are given
by
∂zΨs1(x, z)|z=0 =− κ1ΨP + κ1ΨPe−κ1L
− 2
pi
∞∫
0
dq
ε2 p2(q)
ε1 p1(q) + ε2 p2(q)
Ξ(q)ep1(q)x
+
2
pi
∞∫
0
dq
ε2 p2(q)
ε1 p1(q) + ε2 p2(q)
Ξ(q) ep1(q)x cos(qL),
∂zΨs2(x, z)|z=0 =− κ2(ΨP −ΨD) + κ2(ΨP −ΨD)e−κ2L
+
2
pi
∞∫
0
dq
ε1 p1(q)
ε1 p1(q) + ε2 p2(q)
Ξ(q) e−p2(q)x
− 2
pi
∞∫
0
dq
ε1 p1(q)
ε1 p1(q) + ε2 p2(q)
Ξ(q) e−p2(q)x cos(qL),
∂xΨs1(x, z)|x=0 =−
2
pi
∞∫
0
dq
ε2 p2(q)p1(q)
ε1 p1(q) + ε2 p2(q)
Ξ(q)
q
sin(qz)
+
2
pi
∞∫
0
dq
ε2 p2(q)p1(q
ε1 p1(q) + ε2 p2(q)
Ξ(q)
q
sin(qz− qL). (4.48)
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To apply the procedure outlined in Section 4.2, the free energy contribution
in Eq. (4.6) is separated into the following terms
Ω˜s(L) =
[
ωγ,1(L) +ωγ,2(L)
]
2LxLy
+
[
ω1τ(L) +ω
2
τ(L) +ωτ,γ1,2(L)
]
2Ly. (4.49)
As a further step, the terms in Eq. (4.49) are separated by their proportionality
as explained earlier and read
ωγ,1(L) := − ε1κ12 Ψ
2
P +
ε1κ1
2
ΨPe−κ1L, (4.50)
ωγ,2(L) := − ε2κ22 (ΨP −ΨD)
2 +
ε2κ2
2
(ΨP −ΨD)2e−κ2L, (4.51)
ω1τ(L) := −
ε1ΨP
pi
∞∫
0
dq
ε2 p2(q)
ε1 p1 + ε2 p2
Ξ(q)
p1(q)
+
ε1ΨP
pi
∞∫
0
dq
ε2 p2(q)
ε1 p1(q) + ε2 p2(q)
Ξ(q) cos(qL)
p1(q)
, (4.52)
ω2τ(L) :=
ε2(ΨP −ΨD)
pi
∞∫
0
dq
ε1 p1(q)
ε1 p1(q) + ε2 p2(q)
Ξ(q)
p2(q)
− ε2(ΨP −ΨD)
pi
∞∫
0
dq
ε1 p1(q)
ε1 p1(q) + ε2 p2(q)
Ξ(q) cos(qL)
p2(q)
, (4.53)
ωτ,γ1,2(L) :=
2ε1ε2ΨD
pi
∞∫
0
dq
p1(q)p2(q)
ε1 p1(q) + ε2 p2(q)
Ξ(q) sin2( qL2 )
q2
. (4.54)
4 .4 .1 Surface interaction energy densities and surface tensions
As before, the surface contributions to the free energy scale with 2LxLy. Sub-
sequently, to separate the L-independent from the L-dependent contributions
the procedure outlined in Section 4.2 is applied.
Surface tension
Starting with the surface tension, one has to consider the limit L→ ∞, which
corresponds to infinite inter-particle separation and thus, all L-dependent
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contributions vanish. Therefore, the L-independent quantity for to medium 1
in Eq. (4.50) reads
lim
L→∞
ωsγ,1(L) = limL→∞
− ε1κ1
2
Ψ2P
(
1+ e−κ1L
)
= − ε1κ1
2
Ψ2P, (4.55)
and Eq. (4.51) provides the contribution for medium 2 as
lim
L→∞
ωγ,2(L) = lim
L→∞
− ε2κ2
2
(ΨP −ΨD)2
(
1+ e−κ2L
)
= − ε2κ2
2
(ΨP −ΨD)2. (4.56)
Consequently, the surface tensions within the superposition approximation
are given by
γs1 = −
ε1κ1
2
Ψ2P, (4.57)
γs2 = −
ε2κ2
2
(ΨP −ΨD)2. (4.58)
Surface interaction energy density
Since all L-independent parts of the surface interaction are identified, the L-
dependent contributions are now obtained as outlined in Section 4.2. Thereby,
the surface interaction energy densities, which act between the walls and
medium i ∈ {1, 2}, are calculated by subtracting the surface tensions in
Eqs. (4.57) and (4.58) from the terms in Eqs. (4.50) and (4.51)
ωγ,1(L)− lim
L→∞
ωγ,1(L) =
ε1κ1
2
Ψ2Pe
−κ1L, (4.59)
ωγ,2(L)− lim
L→∞
ωγ,2(L) =
ε2κ2
2
(ΨP −ΨD)2e−κ2L. (4.60)
As a result, the surface interaction energy densities within the superposition
approximation are given by
ωsγ,1(L) =
ε1κ1
2
Ψ2Pe
−κ1L, (4.61)
ωsγ,2(L) =
ε2κ2
2
(ΨP −ΨD)2e−κ2L. (4.62)
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4 .4 .2 Line interaction energy density, line tension and interfacial tension
The line interaction energy density, as well as the line tension, are charac-
terized by their proportionality to the total length of the three-contact lines
given by 2Ly (see Fig. 4.1). By applying the same procedure used earlier, it is
possible to separate L-independent from L-dependent terms and by doing so,
one obtains the line interaction energy density and the line tension. Addition-
ally, the L-independent interfacial tension is identified as term proportional
to the interfacial area LLy later on.
Line tension and interfacial tension
The first contribution to the line tension is identified by taking the limit
L→ ∞ of Eq. (4.52), which results in
lim
L→∞
ω1τ(L) = limL→∞
[
− ε1ΨP
pi
∞∫
0
dq
ε2 p2(q)
ε1 p1 + ε2 p2
Ξ(q)
p1(q)
+
ε1ΨP
pi
∞∫
0
dq
ε2 p2(q)
ε1 p1(q) + ε2 p2(q)
Ξ(q) cos(qL)
p1(q)
]
=− ε1ΨP
pi
∞∫
0
dq
ε2 p2(q)
ε1 p1(q) + ε2 p2(q)
Ξ(q)
p1(q)
. (4.63)
Analogous to the line tension, the second contribution is obtained in the limit
L→ ∞ of Eq. (4.53)
lim
L→∞
ω2τ(L) = limL→∞
[
ε2(ΨP −ΨD)
pi
∞∫
0
dq
ε1 p1(q)
ε1 p1(q) + ε2 p2(q)
Ξ(q)
p2(q)
− ε2(ΨP −ΨD)
pi
∞∫
0
dq
ε1 p1(q)
ε1 p1(q) + ε2 p2(q)
Ξ(q) cos(qL)
p2(q)
]
=
ε2(ΨP −ΨD)
pi
∞∫
0
dq
ε1 p1(q)
ε1 p1(q) + ε2 p2(q)
Ξ(q)
p2(q)
. (4.64)
By further simplification of Eq. (4.54), it is possible to obtain the following
terms
ωτ,γ1,2(L) = ω
3
τ(L) +
γ1,2
2
L. (4.65)
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Here, the first term contributes to the line interaction and reads
ω3τ(L) =
ΨDε1ε2
pi
∞∫
0
dq
1
ε1 p1(q) + ε2 p2(q)
×
[
−ΨDκ22
ε1κ1 + ε2κ2
(
(κ22 − κ21)(ε1κ1 + ε2κ2)
κ22 p
2
2(q)[(p1(q)/p2(q)) + (κ1/κ2)]
− κ1
κ2
(
ε1
p1(q) + κ1
+
ε2
p2(q) + κ2
)
+
ΨP(κ22 − κ21)
p1(q)p2(q)
]
× {1− cos(qL)}. (4.66)
Since this term is proportional to the total line length 2Ly, taking the limit
L→ ∞ yields the contribution to the line tension
lim
L→∞
ω3τ(L) = limL→∞
[
ΨDε1ε2
pi
∞∫
0
dq
1
ε1 p1(q) + ε2 p2(q)
×
[
−ΨDκ22
ε1κ1 + ε2κ2
(
(κ22 − κ21)(ε1κ1 + ε2κ2)
κ22 p
2
2(q)[(p1(q)/p2(q)) + (κ1/κ2)]
− κ1
κ2
(
ε1
p1(q) + κ1
+
ε2
p2(q) + κ2
)
+
ΨP(κ22 − κ21)
p1(q)p2(q)
]
× {1− cos(qL)}
]
=
ΨDε1ε2
pi
∞∫
0
dq
1
ε1 p1(q) + ε2 p2(q)
×
[
−ΨDκ22
ε1κ1 + ε2κ2
(
(κ22 − κ21)(ε1κ1 + ε2κ2)
κ22 p
2
2(q)[(p1(q)/p2(q)) + (κ1/κ2)]
− κ1
κ2
(
ε1
p1(q) + κ1
+
ε2
p2(q) + κ2
))
+
ΨP(κ22 − κ21)
p1(q)p2(q)
]
. (4.67)
Finally, the sum of all three L-independent terms, given in Eqs. (4.63), (4.64)
and (4.67), results in the line tension
τ = lim
L→∞
ω1τ(L) + limL→∞
ω2τ(L) + limL→∞
ω3τ(L). (4.68)
Therefore, the final expression for the line tension within the superposition
approximation reads
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τs =− ε1ΨP
pi
∞∫
0
dq
ε2 p2(q)
ε1 p1(q) + ε2 p2(q)
Ξ(q)
p1(q)
+
ε2(ΨP −ΨD)
pi
∞∫
0
dq
ε1 p1(q)
ε1 p1(q) + ε2 p2(q)
Ξ(q)
p2(q)
+
ΨDε1ε2
pi
∞∫
0
dq
1
ε1 p1(q) + ε2 p2(q)
×
[
−ΨDκ22
ε1κ1 + ε2κ2
(
(κ22 − κ21)(ε1κ1 + ε2κ2)
κ22 p
2
2(q)[(p1(q)/p2(q)) + (κ1/κ2)]
− κ1
κ2
(
ε1
p1(q) + κ1
+
ε2
p2(q) + κ2
))
+
ΨP(κ22 − κ21)
p1(q)p2(q)
]
. (4.69)
Clearly, the remaining term in Eq. (4.65) is proportional to the interfacial area
LLy (see Fig. 4.1) and thus provides the expression for the interfacial tension
γ1,2 = − 2ε1κ1ε2κ2
pi(ε1κ1 + ε2κ2)
Ψ2D
∞∫
0
dq
sin2(qL/2)
(qL/2)2
L
2
. (4.70)
The integral in Eq. (4.70) is solved by using the substitution
u =
qL
2
and dq =
2
L
du . (4.71)
Therefore, its solution reads
∞∫
0
dq
sin2(qL/2)
(qL/2)2
L
2
=
∞∫
0
du
sin2(u)
u2
=
pi
2
. (4.72)
Finally, the interfacial tension within the superposition approximation is
given by
γs1,2 = −
ε1κ1ε2κ2
ε1κ1 + ε2κ2
Ψ2D. (4.73)
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. Remark A comparison with the result within the exact calculation in
Eq. (4.42) shows, that the superposition approximation fails to predict the
interfacial tension correctly and overestimates it by a factor of 2. Since the
interfacial tension is a property solely determined by the fluid-interface, the
behavior is consistent with the results obtained in Ref. [14].
Line interaction energy density
Analogous to the exact calculations, the superposition approximation for
the line interaction energy density is obtained by applying the method
outlined in Section 4.2. Thus, subtracting the L-independent contributions
(line and interfacial tension) in Eqs. (4.63), (4.64), (4.67) and (4.73) from
Eqs. (4.52), (4.53) and (4.66) results in
ωτ(L) =
(
ω1τ(L) +ω
2
τ(L) +ωτ,γ1,2(L)
)
− τ − γ1,2
2
L. (4.74)
Therefore, the line interaction energy density within superposition approxi-
mation is given by
ωsτ(L) =
ε1ΨP
pi
∞∫
0
dq
ε2 p2(q)
ε1 p1(q) + ε2 p2(q)
Ξ(q) cos(qL)
p1(q)
− ε2(ΨP −ΨD)
pi
∞∫
0
dq
ε1 p1(q)
ε1 p1(q) + ε2 p2(q)
Ξ(q) cos(qL)
p2(q)
− ΨDε1ε2
pi
∞∫
0
dq
1
ε1 p1(q) + ε2 p2(q)
×
[
−ΨDκ22
ε1κ1 + ε2κ2
(
(κ22 − κ21)(ε1κ1 + ε2κ2)
κ22 p
2
2(q)[(p1(q)/p2(q)) + (κ1/κ2)]
− κ1
κ2
(
ε1
p1(q) + κ1
+
ε2
p2(q) + κ2
))
+
ΨP(κ22 − κ21)
p1(q)p2(q)
]
× cos(qL). (4.75)
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D I S C U S S I O N
In this chapter, the analytical expressions for the electrostatic potential Ψ(x, z),
the surface interaction energy densities ωγ,i(L) in medium i ∈ {1, 2} and
the line interaction energy density ωτ(L) are discussed for different system
parameters. The standard configuration and variation of said parameters is
given in Tab. 5.1. Section 5.1 compares the analytical expressions obtained by
exact calculation with the expressions of the superposition approximation
within the standard configuration. In Section 5.2 the effects of variations
of parameters on the interaction energies and electrostatic potential are
compared by using the exact expressions. Finally, Section 5.3 compares the
expression within exact calculation with the superposition approximation for
variations of the parameters.
Unless stated otherwise, the separation length is scaled as κ1L, the elec-
trostatic potential is expressed in the units of 1/βe, the surface interaction
energy density in the units of κ21/β and the line interaction energy density in
the units of κ1/β.
βeΨP βeΨD εr,1 εr,2 κ1 κ2
standard 5 1 80 2 0.1 nm−1 0.01 nm−1
variation 2 -1 - 6 0.5 nm−1 0.005 nm−1
10 3 - - - -
- 5 - - - -
Table 5.1: Standard configuration and variation of system parameters used to
discuss the electrostatic potential, the surface interaction energy densities and the
line interaction energy density.
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5 .1 standard parameter set
This section compares the analytical expressions for the electrostatic potential,
the surface interaction energy densities and the line interaction energy density
obtained within the exact calculation and those using the superposition
approximation for the standard configuration specified in Tab. 5.1.
5 .1 .1 Electrostatic potential
A comparison between the exact expression and superposition approximation
of the electrostatic potential Ψ(x, z) (obtained in Chapter 3) at the fluid-fluid
interface at x = 0 is shown in Fig. 5.1a and Fig. 5.1b. The potentials are
illustrated as functions of κ1z for two different slit widths κ1L. As seen
in Fig. 5.1a, the potential within the superposition approximation differs
significantly from the exact expression for small separation lengths κ1L. Since
the superposition approximation is obtained by superposing the electrostatic
potential of two single walls (which decay ∼ e−κiz), it overestimates the
electrostatic potential at narrow widths, i.e. the boundary condition of the
constant surface potential ΨP on the walls is violated. Upon increasing the
separation length as seen in Fig. 5.1b, the difference between exact calculation
and superposition approximation decreases as expected and the boundary
condition for the surface potential at the walls is restored. Additionally,
Fig. 5.1c shows the exact electrostatic potential for z = L/2 as a function of
κ1x with slith width κ1L = 10. Additionally, Fig. 5.1d shows the behavior
of the exact electrostatic potential for x 6= 0 (away from the interface). The
electrostatic potential increases for x > 0 (moving in direction of medium 2)
and decreases for x < 0 (moving in direction of medium 1).
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Figure 5.1: (a)(b) Electrostatic potential Ψ(x, z) within exact and superposition calcu-
lations expressed in the units of 1/βe, as functions of κ1z for standard configuration
specified in Tab. 5.1. The separation length between the two walls is given by κ1L = 1
in (a) and κ1L = 10 in (b), respectively. Clearly, (a) shows that the superposition
fails to predict the electrostatic potential for small slit widths properly. However,
upon increasing κ1L, the differences between exact and superposition calculations
decreases as expected. (c) The exact electrostatic potential Ψe(x, z = L/2) expressed
in the units of 1/βe, as a function of κ1x with slit width κ1L = 10. (d) Exact electro-
static potential Ψe(x 6= 0, z) in the units of 1/βe, as function of κ1z and slit width
κ1L = 10.
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5 .1 .2 Surface interaction energy densities
The surface interaction energy densities ωγ,i(L) (calculation in Chapter 4),
acting in medium i ∈ {1, 2} is given within the exact calculation in Eqs. (4.25)
and (4.26) and superposition approximation in Eqs. (4.61) and (4.62). Fig. 5.2
compares the surface interaction energies for both cases. As one can see,
the interaction is repulsive and decays monotonically. Nevertheless, the
superposition approximation underestimates the surface energy density for
all separation lengths. Additionally, the effective force per unit surface area
Fi in medium i ∈ {1, 2} is shown in the insets of Fig. 5.2a and Fig. 5.2c in the
units of κ31/β and as function of κ1L, where it is defined as −∂ωγ,i(L)/∂L. As
the plots show, expressions within the exact and superposition calculations
are both positive, therefore repulsive and decay monotonically for large
separation. However, the superposition approximation fails to predict the
overall behavior correctly. In the limit of vanishing separation L → 0 it
significantly overestimates the results obtained by exact calculation, but then
decays faster if the separations grow larger.
Behavior for separations L→ 0
In the limit of vanishing separations L→ 0, both ωeγ,i(L) and ωsγ,i(L) result in
a non-divergent, finite and repulsive surface interaction. Moreover, the exact
calculation and superposition approximation result in the same expression,
which reads
lim
L→0
ωeγ,1(L) = limL→0
ωsγ,1(L) =
ε1κ1
2
Ψ2P, (5.1)
lim
L→0
ωeγ,2(L) = limL→0
ωsγ,2(L) =
ε2κ2
2
(ΨP −ΨD)2. (5.2)
Asymptotic behavior
The surface interaction energy densities within the exact calculation and the
superposition approximation both decay ∼ e−κi L in the large asymptotic limit
L 1 in each corresponding medium i ∈ {1, 2}. Although the superposition
approximation predicts the decay for larger separations L correctly, it is too
small by a factor of 2 compared to the exact expression as seen in the offset
between the two curves in Fig. 5.2b and Fig. 5.2d. In the asymptotic limit
the exact expression is given with ωeγ,i(L) ' ε iκie−κi L and the superposition
approximation reads ωsγ,i(L) ' εiκi2 e−κi L. Therefore, one obtains
lim
L→∞
ωeγ,i(L)
ωsγ,i(L)
= 2. (5.3)
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Figure 5.2: Surface interaction energy densities ωγ,i(L) in medium i ∈ {1, 2} within
exact and superposition calculations expressed in of units κ21/β, as functions of the
separation κ1L for the standard configuration specified in Tab. 5.1. As the plots show,
both surface interaction energy densities decay monotonically, but the superposition
approximation fails to capture the overall behavior properly. However, in the limit
of vanishing separations, both the exact and superposition expressions reach the
same finite value as seen in (a) and (c). The semi-log plots in (b) and (d) show that
although the superposition approximation predicts the exponential decay ∼ e−κi L
correctly, it always underestimates the surface interactions by a factor of 2, seen
in the offset. In the inset of (a) and (c) the effective forces Fi(L) per unit area in
medium i ∈ {1, 2} are shown. For the exact and superposition calculations, the
force is positive and therefore repulsive. However, the superposition approximation
fails to capture the overall behavior properly. It overestimates the force for small
separation lengths and underestimates it for larger separation.
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5 .1 .3 Line interaction energy density
The line interaction energy density ωτ(L) is calculated in Chapter 4 within ex-
act calculation Eq. (4.44) and superposition approximation Eq. (4.75). Fig. 5.3
shows the line interaction energy density for the standard parameter set
specified in Tab. 5.1. Both ωeτ(L) and ωsτ(L) stay finite and behave repulsive
for small separation. Upon increasing the separation length L both expres-
sions decay, show a minimum and vanish in the limit of L→ ∞. Although
the superposition approximation predicts the overall behavior correctly, it
reaches the minimum sooner compared to the exact expression.
Behavior for separation L→ 0
In the limit of vanishing separations, the exact and superposition calculations
yield the same finite line interaction energy density (seen in Fig. 5.3a).
Asymptotic behavior
The decay at large separations is proportional to ∼ e−κ2L since κ2 < κ1 (see
Tab. 5.1) and shown by the two parallel lines in the semi-logarithmic plot
in Fig. 5.3b. Although the superposition approximation predicts the overall
exponential decay at large separations correctly, it is too small compared to
the exact expression for the line interaction energy destiny by a factor of 2 at
large separations, as seen in Fig. 5.3.
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Figure 5.3: Line interaction energy density ωτ(L) within exact and superposition
calculations expressed in units of κ1/β, as functions of the separation κ1L for stan-
dard configuration specified in Tab. 5.1. Clearly, (a) shows that the superposition
approximation fails to capture the correct behavior. Although in the limit of van-
ishing separations, ωeτ(L) and ωsτ(L) reach the same finite value. Additionally,
the superposition approximation predicts the exponential decay ∼ e−κ2L correctly,
however, it underestimates the exact line interaction by a factor of 2.
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5 .2 variation of parameters
This section compares the exact expressions for the electrostatic potential, the
surface interaction energy densities and the line interaction energy density
for different variations of system parameters specified in Tab. 5.1.
5 .2 .1 Inverse Debye length in medium 1
Fig. 5.4 shows the variation of the inverse Debye length κ1 in medium 1.
To compare the variations of κ1, the separation length is scaled with κ2L in
this specific case. Additionally, the line interaction energy density ωeτ(L) is
expressed in units of κ2/β and the surface line interaction energy densities
ωeγ,i(L) in medium i ∈ {1, 2} in units of κ22/β. Other parameters stay in the
standard configuration specified in Tab. 5.1.
Electrostatic potential
Fig. 5.4a shows the electrostatic potential Ψe(x = 0, z) for varying κ1 and the
separation length κ2L = 10. Clearly, increasing κ1 leads to stronger screening
and faster decay of the electrostatic potential.
Line interaction energy density ωτ(L)
The line interaction energy density is shown in Fig. 5.4b for two different
κ1 values. In the limit of vanishing separation, increasing κ1 results in an
increase of ωτ(L) itself. As seen in the inset of Fig. 5.4b, a larger inverse
Debye length κ1 results in a faster decrease and deeper minimum, which is
additionally shifted to smaller separation L. However, the asymptotic decay
is given by ∼ e−κ2L and therefore not affected by variation in κ1.
Surface interaction energy densities ωγ,i(L)
Fig. 5.4c shows the surface interaction energy density ωeγ,1(L) in medium 1
and Fig. 5.4d shows ωeγ,2(L) in medium 2. Here, ω
e
γ,2(L) is independent of
the inverse Debye length κ1 in medium 1 and therefore remains unaffected.
Increasing κ1 results in larger surface interaction energy density ωeγ,1(L) in
the limit of small inter-particle separation L → ∞, as seen in Fig. 5.4c and
predicted by Eq. (5.2).
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Figure 5.4: Variation of inverse Debye length κ1 in medium 1, other parameters
are in standard configuration specified in Tab. 5.1. (a) Exact electrostatic potential
Ψe(x, z) expressed in units of 1/βe, as function of κ2z. The separation length between
the walls is given by κ2L = 10. As seen in the plot, increasing κ1 results in a stronger
screening of the electrostatic potential. (b) Exact line interaction energy density
ωeτ(L) expressed in units of κ2/β, as function of separation length κ2L. Increase in
κ1 leads to a larger line interaction in the limit of vanishing separations, increases
the magnitude of the minimum and shifts it to smaller separations. (c) Exact surface
interaction energy density ωeγ,1(L) in medium 1 expressed in units of κ
2
2/β, as
function of separation length κ2L. Increasing κ1 results in larger surface interaction
for vanishing separations, but also a faster decay. (d) Exact surface interaction energy
density ωeγ,2(L) in medium 2 expressed in units of κ
2
2/β, as function of separation
length κ2L. Since κ1 is a property of medium 1 ωeγ,2(L) stays unchanged.
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5 .2 .2 Inverse Debye length in medium 2
Fig. 5.5 shows the variation of inverse Debye length κ2 in medium 2. Other
parameters stay in standard configuration specified in Tab. 5.1.
Electrostatic potential Ψ(x, z)
The electrostatic potential is shown for variable κ2 at separation length
κ1L = 10 in Fig. 5.5a. Clearly, variation in κ2 has no significant effect on the
electrostatic potential as seen in the inset.
Line interaction energy density ωτ(L)
The line interaction energy density for variable κ2 is shown in Fig. 5.4b. In
the limit of vanishing separation, an increase in κ2 results in a decrease of
ωeτ(L). As seen in the inset of Fig. 5.5(b) the minimum of the line interaction
energy ωeτ(L) shifts to larger separation for smaller inverse Debye length κ2.
Additionally, the asymptotic decay is given by ∼ e−κ2L and therefore, the line
interaction energy density decays slower for smaller κ2.
Surface interaction energy densities ωγ,i(L)
Fig. 5.5c shows the surface interaction energy density ωeγ,1(L) in medium
1, and Fig. 5.5d shows ωeγ,2(L) in medium 2. ω
e
γ,1(L) is independent of the
inverse Debye length κ2 and therefore remains unaffected by variation of κ2,
as seen in Fig. 5.5c. Eq. (5.2) predicts the increase of the surface interaction
energy density ωeγ,2(L) for larger κ2 in the limit of small separations, as seen
in Fig. 5.4c. Additionally, variation in κ2 affects the asymptotic decay since
ωeγ,2(L) ∼ e−κ2L.
65
chapter 5 . discussion
κ2 = 0.005 nm−1
κ2 = 0.01 nm−1
κ1L
β
ω
e γ
,2
(L
)/
κ
2 1
(d)
100500
0.02
0.01
0
κ2 = 0.005 nm−1
κ2 = 0.01 nm−1
κ1L
β
ω
e γ
,1
(L
)/
κ
2 1
(c)
1050
16
8
0
κ1 L
β
ω
e τ
(L
)/
κ
1
8040
0.02
0
−0.02
κ2 = 0.005 nm−1
κ2 = 0.01 nm−1
β
ω
e τ
(L
)/
κ
1
(b)
0.6
0.3
0κ1z
β
e
Ψ
e
(x
=
0
,z
)
5.24.8
0.1
0.095
κ2 = 0.005 nm−1
κ2 = 0.01 nm−1
κ1z
β
e
Ψ
e
(x
=
0
,z
)
·
(a)
κ1L = 10
5
2.5
0
Figure 5.5: Variation of inverse Debye length κ2 in medium 2, other parameters
are in standard configuration specified in Tab. 5.1. (a) Exact electrostatic potential
Ψe(x, z) expressed in units of 1/βe, as function of κ1z. The separation length between
the walls is given by κ1L = 10. As seen in the plot, variation in κ2 has no significant
impact. (b) Exact line interaction energy density ωeτ(L) expressed in units of κ1/β,
as function of separation length κ1L. Decreasing κ1 leads to a larger line interaction
in the limit of vanishing separations, increases the magnitude of the minimum and
shifts it to larger separations, as seen in the inset. (c) Exact surface interaction energy
density ωeγ,1(L) in medium 1 expressed in units of κ
2
1/β, as function of separation
length κ1L. Since κ2 is a property of medium 2, ωeγ,1(L) stays unchanged. (d) Exact
surface interaction energy density ωeγ,2(L) in medium 2 expressed in units of κ
2
1/β,
as function of separation length κ1L. A decrease of κ2 results in smaller surface
interaction for vanishing separations and slower decay also.
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5 .2 .3 Relative permittivity
Fig. 5.6 shows the variation of relative permittivity εr,2 for medium 2. Other
parameters stay in standard configuration specified in Tab. 5.1.
Electrostatic potential Ψ(x, z)
Increasing the relative permittivity εr,2 results in an increased electrostatic
potential as seen in Fig. 5.6a for separation length κ1L = 10.
Line interaction energy density ωτ(L)
The line interaction energy density for different values of εr,2 is shown in
Fig. 5.6b. Increasing εr,2 results in an increase of the interaction in the
limit of vanishing separations L → 0. Additionally, the minimum of the
line interaction energy density shifts to larger separations and increases in
magnitude as seen in the inset in Fig. 5.6b. The overall asymptotic behavior
with decay ∼ e−κi L stays unchanged.
Surface interaction energy densities ωγ,i(L)
The variation for the surface interaction energy density in medium 1 is
illustrated in Fig. 5.6c and for medium 2 in Fig. 5.6d. Since εr,2 is a property of
medium 2, ωeγ,1(L) stays unchanged. However, ω
e
γ,2(L) is proportional to εr,2
in the limit of small separations as given in Eq. (5.2) and, therefore, increases
for larger εr,2. The overall monotonic decay, however, stays unchanged.
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Figure 5.6: Variation of the relative permittivity εr,2 in medium 2, other parameters
are in standard configuration specified in Tab. 5.1. (a) Exact electrostatic potential
Ψe(x, z) expressed in units of 1/βe, as function of κ1z. The separation length
between the walls is given by κ1L = 10. As seen in the plot, increasing ε2 also
slightly increases the electrostatic potential. (b) Exact line interaction energy density
ωeτ(L) expressed in units of κ1/β, as function of separation length κ1L. Increase in
ε2 leads to a larger line interaction in the limit of vanishing separations, increases
the magnitude of the minimum and shifts it to larger separations, as seen in the
inset. (c) Exact surface interaction energy density ωeγ,1(L) in medium 1 expressed
in units of κ21/β, as function of separation length κ1L. Since ε2 is a property of
medium 2 , ωeγ,1(L) stays unchanged. (d) Exact surface interaction energy density
ωeγ,2(L) in medium 2 expressed in units of κ
2
1/β, as function of separation length
κ1L. Increasing ε2 results in larger surface interaction for vanishing separations.
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5 .2 .4 Donnan-Potential
The variation of the Donnan potential ΨD is shown in Fig. 5.7. Other param-
eters stay in the standard configuration specified in Tab. 5.1.
Electrostatic potential Ψ(x, z)
The electrostatic potential, as shown in Fig. 5.7a, is not significantly affected
by the variation of ΨD for a separation length of κ1L = 10.
Line interaction energy density ωτ(L)
Fig. 5.7b shows the line interaction energy density for variable ΨD. In the
cases of βeΨD = 5 and βeΨD = 3, the line interaction energy density decays
monotonically. However, for βeΨD = 1 and βeΨD = −1 the decay becomes
non-monotonic. Here, the line interaction forms a minimum which increases
and shifts to smaller separation for smaller ΨD.
Surface interaction energy densities ωγ,i(L)
Figs. 5.7c and 5.7d show the surface interaction energy density acting in
medium i ∈ {1, 2}. Since ωeγ,1(L), as calculated in Eq. (5.1), is independent in
ΨD, a variation in such has no effect. However, ωeγ,2(L) is proportional to the
factor (ΨP − ΨD)2 and thus changes its behavior. As seen in Fig. 5.7d and
as Eq. (5.2) predicts, an increase in the absolute value |ΨP −ΨD| leads to an
increase in the surface interaction energy density and a decrease in |ΨP −ΨD|
leads to a decrease in the surface interaction energy density respectively. In
the special case of ΨD = 5 the above-mentioned absolute value vanishes and
ωeγ,2(L) therefore too.
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Figure 5.7: Variation of the Donnan potential ΨD in medium 2, other parameters
are in standard configuration specified in Tab. 5.1. (a) Exact electrostatic potential
Ψe(x, z) expressed in units of 1/βe, as function of κ1z. The separation length between
the walls is given by κ1L = 10. As seen in the inset, variation of ΨD has no significant
impact. Although, in general the electrostatic potential slightly increases for larger
values of ΨD. (b) Exact line interaction energy density ωeτ(L) expressed in units of
κ1/β, as function of separation length κ1L. In the cases βeΨD = −1 and βeΨD = 1
the line interaction energy density decays non-monotonically (deeper minimum
for βeΨD = −1). However, for values of βeΨD = 3 and βeΨD = 5 the decay
is monotonic. (c) Exact surface interaction energy density ωeγ,1(L) in medium 1
expressed in units of κ21/β, as function of separation length κ1L. Since ΨD is a
property of medium 2, ωeγ,1(L) stays unchanged. (d) Exact surface interaction energy
density ωeγ,2(L) in medium 2 expressed in units of κ
2
1/β, as function of separation
length κ1L. Decreasing ΨD results in a larger surface interaction energy density,
especially in the limit of small separation. In the special case of βeΨD = 5 the surface
interaction energy density vanishes.
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5 .2 .5 Surface potential
Fig. 5.8 shows the variation of the constant surface potential ΨP, the other
parameters are in standard configuration specified in Tab. 5.1.
Electrostatic potential Ψ(x, z)
Fig. 5.8a shows the electrostatic potential with separation length κ1L = 10 for
variable surface potentials ΨP. As expected, the corresponding values of the
electrostatic potentials at the walls κ1z = 0 and κ1z = 10 are given by each
value of ΨP respectively.
Line interaction energy density ωτ(L)
Fig. 5.8b shows the line interaction energy density for variable ΨP. Increasing
ΨP results in larger line interaction energy densities for vanishing separa-
tions. For a smaller surface potential value, in this case βeΨP = 2, the line
interaction energy density ωeτ(L) decays monotonically, implying a repulsive
behavior of the line interaction. However, as the surface potential increases,
ωeτ(L) becomes non-monotonic with a minimum taking place at roughly
κ1L ≈ 20. By increasing βeΨP this minimum becomes deeper.
Surface interaction energy densities ωγ,i(L)
Both surface interaction energy densities in media i ∈ {1, 2} behave similarly
in variation of the surface potential ΨP. In the limit of vanishing separa-
tions, as given by Eqs. (5.1) and (5.2), ωeγ,i(L) increases upon increasing ΨP.
However, the asymptotic decays says unchanged.
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Figure 5.8: Variation of the surface potential ΨP, other parameters are in standard
configuration specified in Tab. 5.1. (a) Exact electrostatic potential Ψe(x, z) expressed
in units of 1/βe, as function of κ1z. The separation length between the walls is
given by κ1L = 10. As seen in the plot, variation in ΨP leads to the corresponding
surface potentials at the boundaries. (b) Exact line interaction energy density ωeτ(L)
expressed in units of κ1/β, as function of separation length κ1L. Increasing ΨP leads
to a larger line interaction in the limit of vanishing separations, increases the magni-
tude of the minimum and shifts it to larger separations. In the case of βeΨP = 2 no
minimum is present, as seen in the inset. (c) Exact surface interaction energy density
ωeγ,1(L) in medium 1 expressed in units of κ
2
1/β, as function of separation length
κ1L. Increasing ΨP results in larger surface interaction for vanishing separations. (d)
Exact surface interaction energy density ωeγ,2(L) in medium 2 expressed in units of
κ21/β, as function of separation length κ1L. Increasing ΨP results in larger surface
interaction for vanishing separations.
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5 .3 comparision of the variation for system parameters
This section provides comparisons between the exact calculation and super-
position approximation of the electrostatic potential, the surface interaction
energy densities and the line interaction energy density for parameters dif-
ferent from the standard configuration as discussed in Section 5.2. The plots
are shown in Figs. 5.9 to 5.16.
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Figure 5.9: Variation of relative permittivity εr,2 = 6, other parameters are given by
their standard configuration specified in Tab. 5.1. (a) Electrostatic potential Ψ(x, z)
within both exact calculation and superposition approximation expressed in the
units of 1/βe, as functions of κ1z. The separation length between the two walls is
given by κ1L = 10 and κ1L = 1 in the inset. The superposition approximation fails
to predict the electrostatic potential correctly for small separations. Upon increas-
ing the separation, as expected, the differences between exact and superposition
calculations decrease. (b) Line interaction energy density ωτ(L) within the exact
and superposition calculations expressed in the units of κ1/β, as functions of the
separation κ1L. As the plot shows, the superposition approximation fails to capture
the correct behavior, although both calculations show non-monotonic decay. How-
ever, in the limit of vanishing separations ωeτ(L) and ωsτ(L) reach the same finite
value. Additionally, the superposition expression predicts the exponential decay
for larger separation correctly, but underestimates the line interaction always by a
factor of 2, as seen by the offset in the inset. (c)(d) Surface interaction energy density
ωγ,i(L) in medium i ∈ {1, 2} within both exact and superposition calculations ex-
pressed in units of κ21/β, as functions of the separation κ1L. As the plots show, the
superposition approximation fails to predict the correct behavior properly, although
both expressions show monotonic decay. In the limit of vanishing separations the
exact calculation and superposition approximation of the surface interaction reach
the same finite value. Additionally, the superposition approximation predicts the
exponential decay for larger separation correctly, but underestimates the surface
interaction by a factor of 2 as seen in the offset between exact and superposition
calculations in the inset.
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Figure 5.10: Variation of inverse Debye length κ1 = 0.5 nm−1 in medium 1, other
parameters are given by their standard configuration specified in Tab. 5.1. (a) Electro-
static potential Ψ(x, z) within the exact and superposition calculations expressed in
the units of 1/βe, as functions of κ1z. The separation length between the two walls
is given by κ1L = 10 and κ1L = 1 in the inset. The superposition approximation fails
to predict the electrostatic potential correctly for small separations. Upon increas-
ing the separation, as expected, the differences between exact and superposition
calculations decrease. (b) Line interaction energy density ωτ(L) within the exact
and superposition calculations expressed in the units of κ1/β, as functions of the
separation κ1L. As the plot shows, the superposition approximation fails to capture
the correct behavior, but both expressions decay non-monotonic. In the limit of
vanishing separations ωeτ(L) and ωsτ(L) reach the same finite value. Additionally,
the superposition expression predicts the exponential decay for larger separation
correctly, but underestimates the line interaction always by a factor of 2 as seen by
the offset in the inset. (c)(d) Surface interaction energy density ωγ,i(L) in medium
i ∈ {1, 2} within both the exact and superposition calculations expressed in the units
of κ21/β, as functions of the separation κ1L. As the plots show, the superposition
approximation fails to predict the correct behavior properly, but both expressions
decay monotonic. In the limit of vanishing separations, the exact calculation and
superposition approximation predict the same surface interaction. Although the
superposition approximation predicts the exponential decay for larger correctly, it
underestimates the surface interaction by a factor of 2 as seen in the offset between
exact and superposition calculations in the inset.
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Figure 5.11: Variation of inverse Debye length κ2 = 0.005 nm−1 in medium 2, other
parameters are given by their standard configuration specified in Tab. 5.1. (a) Electro-
static potential Ψ(x, z) within both exact and superposition calculations expressed
in the units of 1/βe, as functions of κ1z. The separation length between the two
walls is given by κ1L = 10 and κ1L = 1 in the inset. Clearly, the superposition
approximation fails to predict the potential correctly for small separations. Upon
increasing the separation, as expected, the differences between exact and superpo-
sition calculations decrease. (b) Line interaction energy density ωτ(L) within the
exact and superposition calculations expressed in the units of κ1/β, as functions
of the separation κ1L. As the plot shows, the superposition approximation fails
to capture the correct behavior but predicts the non-monotonic behavior correctly.
In the limit of vanishing separations ωeτ(L) and ωsτ(L) reach the same finite value.
Additionally, the superposition expression predicts the exponential decay for larger
separation correctly, but underestimates the line interaction always by a factor of 2
as seen by the offset in the inset. (c)(d) Surface interaction energy density ωγ,i(L)
in medium i ∈ {1, 2} within the exact and superposition calculations expressed in
the units of κ21/β, as functions of the separation κ1L. As the plots show, the super-
position approximation fails to predict the correct behavior properly but captures
the monotonic decay. In the limit of vanishing separations the exact calculation and
superposition approximation predict the same surface interaction. Although the
superposition approximation predicts the exponential decay for large separation
correctly, it underestimates the surface interaction by a factor of 2 as seen in the
offset between exact and superposition calculations in the inset.
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Figure 5.12: Variation of the Donnan potential βeΨD = −1 in medium 2, other
parameters are given by their standard configuration specified in Tab. 5.1. (a) Electro-
static potential Ψ(x, z) within both exact and superposition calculations expressed
in the units of 1/βe, as functions of κ1z. The separation length between the two
walls is given by κ1L = 10 and κ1L = 1 in the inset. Clearly, the superposition
fails to predict the electrostatic potential correctly for small separations. Upon
increasing the separation, as expected, the differences between exact and superpo-
sition calculations decrease. (b) Line interaction energy density ωτ(L) within the
exact and superposition calculations expressed in the units of κ1/β, as functions
of the separation κ1L. As the plot shows, the superposition approximation fails to
capture the correct behavior but captures the non-monotonic behavior. In the limit
of vanishing separations ωeτ(L) and ωsτ(L) reach the same finite value. Additionally,
the superposition expression predicts the exponential decay for large separation
correctly, but underestimates the line interaction always by a factor of 2 as seen by
the offset in the inset. (c)(d) Surface interaction energy density ωγ,i(L) in medium
i ∈ {1, 2} within the exact and superposition calculations expressed in the units
of κ21/β, as functions of the separation κ1L. As the plots show, the superposition
approximation fails to predict the correct behavior properly, but captures the mono-
tonic decay correctly. In the limit of vanishing separations both the exact calculation
and superposition approximation predict the same surface interaction. Although
the superposition approximation predicts the exponential decay for large separation
correctly, it underestimates the surface interaction by a factor of 2 as seen in the
offset between exact and superposition calculations in the inset.
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Figure 5.13: Variation of the Donnan potential βeΨD = 3 in medium 2, other
parameters are given by their standard configuration specified in Tab. 5.1. (a) Elec-
trostatic potential Ψ(x, z) within the exact and superposition calculations expressed
in the units of 1/βe, as functions of κ1z. The separation length between the two
walls is given by κ1L = 10 and κ1L = 1 in the inset. Clearly, the superposition
approximation fails to predict the electrostatic potential correctly for small separa-
tions. Upon increasing the separation, as expected, the differences between exact
and superposition calculations decrease. (b) Line interaction energy density ωτ(L)
within the exact and superposition calculations expressed in the units of κ1/β, as
functions of the separation κ1L. As the plot shows, the superposition approximation
fails to capture the correct behavior. In the limit of vanishing separations ωeτ(L)
and ωsτ(L) reach the same finite value and both decay monotonically. Additionally,
the superposition expression predicts the exponential decay for large separation
correctly, but underestimates the line interaction always by a factor of 2 as seen by
the offset in the inset. (c)(d) Surface interaction energy density ωγ,i(L) in medium
i ∈ {1, 2} within the exact and superposition calculations expressed in the units
of κ21/β, as functions of the separation κ1L. As the plots show, the superposition
approximation fails to predict the correct behavior properly. However, in the limit of
vanishing separations the exact calculation and superposition approximation predict
the same surface interaction. Although the superposition approximation predicts
the monotonic exponential decay correctly, it underestimates the surface interaction
by a factor of 2 as seen in the offset between exact and superposition calculations in
the inset.
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Figure 5.14: Variation of the Donnan potential βeΨD = 5 in medium 2, other param-
eters are given by their standard configuration specified in Tab. 5.1. (a) Electrostatic
potential Ψ(x, z) within the exact and superposition calculations expressed in the
units of 1/βe, as functions of κ1z. The separation length between the two walls is
given by κ1L = 10 and κ1L = 1 in the inset. Clearly, the superposition approximation
fails to predict the electrostatic potential correctly for small separations. Upon in-
creasing the separation, as expected, the differences between exact and superposition
calculations decrease. (b) Line interaction energy density ωτ(L) within exact and
superposition calculations expressed in units of κ1/β , as functions of the separation
κ1L . As the plot shows, the superposition approximation fails to predict the correct
behavior, but captures the monotonic decay properly. In the limit of vanishing
separations ωeτ(L) and ωsτ(L) reach the same finite value. Additionally, the superpo-
sition expression predicts the exponential decay for large separation correctly, but
underestimates the line interaction always by a factor of 2 as seen by the offset in the
inset. (c) Surface interaction energy density ωγ,1(L) in medium 1 within the exact
and superposition calculations expressed in the units of κ21/β, as functions of the
separation κ1L. As the plot shows, the superposition approximation fails to predict
the correct behavior properly but captures the monotonic behavior correctly. In the
limit of vanishing separations the exact calculation and superposition predict the
same surface interaction. Although the superposition approximation predicts the
exponential decay correctly, it underestimates the surface interaction by a factor of 2
as seen in the offset between exact and superposition calculations in the inset. (d) In
the case of βeΨD = −1 the surface interaction energy density ωγ,2(L) in medium 2
is zero for the exact and superposition calculations.
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Figure 5.15: Variation of the surface potential βeΨP = 2, other parameters are
given by their standard configuration specified in Tab. 5.1. (a) Electrostatic potential
Ψ(x, z) within the exact and superposition calculations expressed in the units of
1/βe, as functions of κ1z. The separation length between the two walls is given by
κ1L = 10 and κ1L = 1 in the inset. Clearly, the superposition approximation fails to
predict the electrostatic potential correctly for small separations. Upon increasing the
separation, as expected, the differences between exact and superposition calculations
decrease. (b) Line interaction energy density ωτ(L) within the exact and superpo-
sition calculations expressed in the units of κ1/β, as functions of the separation
κ1L. As the plot shows, the superposition approximation fails to capture the correct
behavior. In the limit of vanishing separations ωeτ(L) and ωsτ(L) reach the same
finite value. Additionally, the superposition expression predicts the exponential
correctly, but underestimates the line interaction always by a factor of 2 as seen by
the offset in the inset. (c)(d) Surface interaction energy density ωγ,i(L) in medium
i ∈ {1, 2} within both the exact and superposition calculations expressed in the units
of κ21/β, as functions of the separation κ1L. As the plots show, the superposition
approximation fails to predict the correct behavior properly. However, in the limit of
vanishing separations the exact calculation and superposition approximation predict
the same surface interaction. Although the superposition approximation predicts
the monotonic exponential decay correctly, it underestimates the surface interaction
by a factor of 2 as seen in the offset between exact and superposition calculations in
the inset.
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Figure 5.16: Variation of the surface potential βeΨP = 10, other parameters are
given by their standard configuration specified in Tab. 5.1. (a) Electrostatic potential
Ψ(x, z) within the exact and superposition calculations expressed in the units of
1/βe, as functions of κ1z. The separation length between the two walls is given
by κ1L = 10 and κ1L = 1 in the inset. Clearly, the superposition approximation
fails to predict the electrostatic potential correctly for small separations. Upon
increasing the separation, as expected, the differences between exact and superpo-
sition calculations decrease. (b) Line interaction energy density ωτ(L) within the
exact and superposition calculations expressed in the units of κ1/β, as functions
of the separation κ1L. As the plot shows, the superposition approximation fails to
capture the correct behavior, but captures the non-monotonic decay. In the limit of
vanishing separations ωeτ(L) and ωsτ(L) reach the same finite value. Additionally,
the superposition expression predicts the exponential decay for large correctly, but
underestimates the line interaction always by a factor of 2 as seen by the offset in the
inset. (c)(d) Surface interaction energy density ωγ,i(L) in medium i ∈ {1, 2} within
the exact and superposition calculations expressed in units of κ21/β, as functions
of the separation κ1L. As the plots show, the superposition approximation fails to
predict the correct behavior properly. However, in the limit of vanishing separations
the exact calculation and superposition approximation both predict the same surface
interaction. Although, the superposition approximation predicts the exponential
decay correctly, it underestimates the surface interaction by a factor of 2 as seen in
the offset between exact and superposition calculations in the inset.
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chapter 6
C O N C L U S I O N
In summary, this thesis analyzes the electrostatic interaction for a simplified
model system by using a classical density functional theory approach. This
simplified model, consisting of two parallel walls with constant surface poten-
tial and in contact with two immiscible fluids, is expected to mimic metallic
colloidal particles trapped at a fluid-fluid interface. Within the framework of
a mean-field like linearized Poisson-Boltzmann theory, analytical expressions
for the electrostatic potentials are obtained within exact calculations as well
as the superposition approximation. Subsequently, the potential distributions
inside the system are used to obtain analytical expressions for the line and
surface interaction energy densities. The surface interaction energy densities
ωγ,i(L) for medium i ∈ {1, 2} are monotonic and decay exponentially with
∼ e−κi L for separation length L between the two walls. As it turns out,
the superposition approximation fails to capture the behavior correctly and,
even at larger separations, it underestimates the surface interaction energy
density of the exact calculation by a factor of 2. The line interaction energy
density ωτ(L) shows monotonic or non-monotonic behavior (existence of
a minimum) depending on the system parameters. Again, the superposi-
tion approximation fails to predict the behavior properly and even at larger
separation underestimates the line interaction energy density within exact
calculation by a factor of 2. This inaccuracy of the superposition approxima-
tion, especially in the limit of smaller separation, could have a significant
impact during applications depending on the experimental setup. In addition
to the surface and line interaction energy densities, analytical expressions for
the surface tensions, line tensions and interfacial tension are provided for
exact and superposition calculations. All of these quantities are independent
of the separation length between the walls, however, they differ within the
exact and superposition calculations.
For future research, it would be interesting to study the interactions by
using a non-linear Poisson-Boltzmann theory approach (possibly numeri-
cally) and compare the results with those obtained within the linearized
framework. Moreover, studies could be further extended to include the
impact of variations in the contact angle, particle geometry, and curvature.
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